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ABSTRACT. In this paper we study approximations of a singularly
perturbed system of two coupled reaction-diffusion equations, in
one dimension, by using finite elements on graded meshes. When
the parameters are of different magnitudes, the solution exhibits
in general two distinct but overlapping boundary layers. We prove
that, when the mesh grading parameter is appropriately chosen,
optimal error estimations in a balanced norm for piecewise linear
elements can be obtained. Supporting numerical results are also
presented.

1. INTRODUCTION

Singularly perturbed systems of ordinary differential equations ap-
pear when investigating diffusion processes complicated by chemical re-
actions where the parameters multiplying the highest derivatives char-
acterize the diffusion coefficient of the substances [24]. Another inter-
esting application is in ecology, where reaction-diffusion systems can
be used to describe the prey-predator interaction species [8]. There are
several papers devoted to the numerical approximations of singularly
perturbed systems of coupled reaction-diffusion equations (see, for ex-
ample, [0 111, 13 14 15 17, 19, 22]). Problems with different layers in
one coordinate direction or systems of reaction-diffusion equations, still
present several challenges. In [14], the authors consider a system of two
reaction-diffusion equations in one dimension, with different small pa-
rameters multiplying the second-order derivatives in the equations. In
that work, they analyze finite element approximations, with Shishkin
and Bakhvalov meshes, and obtain error estimates in the energy norm.
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It is well known that, for singularly perturbed reaction-diffusion
problems, the natural energy norm is not balanced and so, the inter-
est of work with balanced norms, which reflect the behavior of layers
more accurately in the finite element method, have increased in the last
years (see [11, 2, 3], 10} 18, 20, 23] and the references therein). The error
estimation using balanced norms for systems of two coupled reaction-
diffusion equations with different small parameters, still presents open
questions even in the one dimensional case such, for instance, how to
design an efficient mesh according to different perturbed parameters
[12] 211, 22].

In this paper, we analyze the finite element approximation of a sin-
gularly perturbed system of ordinary differential equations, by using
piecewise linear elements on graded meshes. First, we analyze the gen-
eral case of variable coefficients but with the same small perturbation
parameter in both equations. Then, we consider the case of different
small parameters multiplying the second-order derivatives but assum-
ing constant coefficients in both equations.

Graded meshes satisfy some interesting properties. One of the most
relevant is the fact that a mesh designed for some value of the pertur-
bation parameter also works well also for larger values of it and we can
obtain optimal error estimates by using graded meshes (of the same
type to those introduced in [3]), designed according to the smallest
parameter of the system.

To achieve these optimal error estimates, our analysis requires the
introduction of appropriate L2-projections and the analysis of their
stability and interpolation capabilities on graded meshes.

The rest of the paper is organized as follows. In Section 2, we state
the reaction-diffusion coupled problem and recall a priori estimates for
the solution. In Section 3, we introduce the graded meshes which we
use for the finite element discretization. We also obtain interpolation
error estimates, stability results for L2-projections and a preliminary
result about the numerical approximation of one singularly perturbed
reaction-diffusion equation. Section 4 contains our main results con-
cerning the optimal approximation error estimates in balanced norms.
In Section 5, we present some numerical examples which show the
good performance of the proposed approach. Finally, we end the paper
drawing some conclusions in Section 6.

2. PROBLEM STATEMENT

We consider the following system of two coupled reaction-diffusion
equations in I = (0,1):
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—*ul(x) + a1 (z)uy (2) + arp(2)us(z) = fi
(1) — 12y () 4 ag1 (2)us () + aga(w)ug(x) = fa(2)

where f = (fi(z), fo(x)) and A = (a;;(2)),, ;, are smooth on [0, 1].
We are interested in the singularly perturbed case, that is, when at

least one of the singular parameters € or y is < 1. Due to that, the

solution u = (uy,u2)” may exhibit boundary layers of width O(eIne¢)

and O(plnp) at @ = 0 and = = 1, which could overlap and interact

according to the relative size of € and pu (see, for example, [17, 21]).
From now on, we assume

O<e<u<l.

The matrix A has bounded entries a;;(x) and we assume that a; >
0,a;; <0,7%# 75,1 <4,7 <2, and there exists a # 0 such that

(2) %ilr]l{an + a1, az1 + an} > o’

Since, as a consequence of , A is an M-matrix, from [15, Theorem
2.2 and Remark 2.5], we can also assume that

(3) ELAE > a’ete, Ve e R

We denote with boldface the spaces consisting of vector valued func-
tions. The norms and seminorms in H™(D) and H" (D), with m an
integer, are denoted by || - ||;,p and | - |, p respectively and (-, -)p de-
notes the inner product in L*(D) or L?(D) for any subdomain D C I.
The domain subscript is dropped for the case D = I. We also denote
by (-,-) the Euclidean product on R% and | - |2 = (-, -).

Let

B(u,v) :=
1
2.1 1 2.1 .1
ETULV] F G11U1V1 + A12UV1 + U UV + Q21 ULV + G2oU2V2,
0
and
1
L(v) = / Jiv1 + fove.
0

The variational formulation is: find u = (u1,us)” € V := H}(I) such
that

B(u,v) = L(v) Vv e V.
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The following result, which is a consequence of |14, Lemma 1] and
[17, Lemma 4], shows the behaviour of the exact solution to be approx-
imated and its derivatives up to order 2. Similar estimates for all the
derivatives, assuming analytic data, can be found in [21].

Lemma 2.1. Let u be the solution to . Then there exists a constant
C, such that for all x € [0,1] we have

u=vVv-—+w,
where the reqular solution component v satisfies
vi| <C  and U] <C, i=1,2

while the layer component w satisfy

1—x

T _aZ 1 _al=z T
il € 0 (e 4 e e g e,

ugl < € (e e ).

_9 _aZ _9 _—aqZ _9 _al=z _9 _qli=z
\wi’!§0(€ 2T e M p et +u2€a“>7

) < 0 (4o ).

Given a partition T, = {0 =129 <z <...<zpy =1}, we denote
I = (zi—1,2;), hi = x; — 2,1 with 1 <i < M, and we define

iLO = h17

A 1

hkzg(hk+l+hk)7 1§k§M_17
har = ho.

We consider the finite element space
V, = {VZ (Ul,UQ)T eV: Vil € Pl(ll),lz 1,....M,5 = 1,2},

and the space V;, = {v € H}(I):v|;, € Pi(I;),i=1,...,M}, where
Py (D) denotes the space of linear polynomials on a domain D.

We denote by ¢;,7 = 0,..., M, the classical Lagrange linear basis
functions such that ¢;(z;) = d;5,4,7 =0,..., M.

For a generic interval I, = (z,_1,x¢) of the partition, we denote
2t =2, and 285 = 1,. We also set the local basis functions ¢f = ¢,_;
and ¢5 = ¢, and the local lengths fl‘i = hy_; and ﬁé = hy.

The conforming finite element formulation is given by: find u, € Vjy,
such that

B(uh,v) = L(V) Vv € V.
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Using the classical theory we can affirm that the problem is well-defined
and there exists a unique solution u, € V. Error estimates, which are
robust in the natural energy norm

Il = &*llualls + p*[luslls + o (fluall§ + [luzg),

were obtained for different kind of meshes (see, for example, [5] [14]
19]). In the present article, we are interested in obtaining robust error
estimates in a balanced norm. To this end, following [22], we consider
the balanced norm which is defined by introducing a different scaling
of the H! seminorm:

2
lall” = ellulls + pllualls + o (fluall + lluzl3)

As explained in [22], this norm reflects the layer behavior correctly.

3. GRADED MESHES AND PRELIMINARY RESULTS

In this section we introduce the graded meshes that we use for the fi-
nite element approximation of problem . We obtain interpolation er-
ror estimates, stability results for L?-projections and also a preliminary
result about the numerical approximation of one singularly perturbed
reaction-diffusion equation.

3.1. Graded meshes. Let us introduce a family of graded meshes 7Ty,
as in [3]. Let be h > 0, related to the mesh size, and let

1 1
and s=-—,

be the grading parameters. Then, the graded meshes are obtained in
the following way.

4 =1-
() 7 210g%

Let xg, x1, ..., Tmia be the grid points on the interval [0, %] given by
(29 =0,
r1 = h°,
(5) Tis1 =z +ha!, i=1,...,mid—2,
1
\xmid = 5;

where mid is such that rq0-1 < % and Tpiq—1 + hal > % We
assume that the interval (g1, Zmia) is not too small in comparison
with the previous one (Zmiq —2, Tmid—1)-

This partition is extended to a grid {zo, 1, . .., Tmid, - - - , Tasr } Of [0, 1]
with M = 2mid, by setting z; = 1 — xp;_; for i = mid+1,..., M. The
resulting mesh will be referred as an e-graded mesh.
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o
NPES

FiGURE 1. Mesh functions for ¢ = 0.1, with M = 17
and h = 0.4 (left) and M = 39 and h = 0.2 (right).

In order to show the behaviour of the graded meshes near the layers,
in figure we plot the nodes x; against i/M for i =0,..., M.

From now on, we use the letter C' to denote a generic constant which
is independent of ¢, ;1 and h. Given two quantities A and B the nota-
tions A < B and A 2 B mean that A < CB and A > CB respectively.
We also denote by A ~ B when A < B and A 2 B.

Since x; — x;—1 = hx] ; for i = 1,...,mid — 1 we see that the
maximum length of the intervals is like h(1/2)” ~ h. Therefore, since
M is the number of intervals of the mesh, we have M 2 1/h.

On the other hand, it is proved in [6, proof of Corollary 4.5] that

M < log <1) %log (%) ,
€

and then using that M 2 1/h, we also obtain
1\ 1
h <1 — | — log M.
(1) L

Hence, we see that h is bounded almost uniformly with respect to
e (up to a logarithmic factor) by the number of elements, similar to
the case of quasi-uniform meshes also except for the logarithmic factor
log M.

In what follows, we write the error estimates in terms of h, but they
can be traduced in terms of the number of degrees of freedom since

1 1\ 1

6 — <h<l — | —log M.
) 3 S tox (1) gy loe
Remark 3.1. We observe that our mesh is constructed first in the
interval |0, %] and then we reflect it into the interval [%, 1}. Since we
enforce the point x = % to be a node, may be necessary to modify the
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mesh on [O, %} in order to satisfy condition (13), and we can achieve

that just by eliminating the node xy;q 1 if
1
Tmid — Tmid -1 < BY (Tmid—1 — Tmid—2) -

In fact, assuming this, we note that from the definition of the graded
mesh we have

Ti — Ti—q <2($i,1—l’i,2), 2:1,,m1d—1
Then the last interval after elimination of xwia_1 has length xyiq —
Tmid —o and we have
Tmid — Tmid -2 < 3 (Tmid—1 — Tmid—2) < 3 (Tmid—2 — Tmid—3) -
Also
Tmid — Tmid -2 = Tmid—1 — Tmid—2 = Tmid —2 — Tmid —3-
Therefore
Tmid — Tmid —2

1< <3
Tmid —2 — Tmid —3

as we desired.

3.2. Lagrange interpolation. In this Subsection we obtain robust
error estimates in the balanced norm for the Lagrange interpolant on
e-graded meshes.

The following two results deal with the interpolation error on the
interval (0, 1) for functions with the same kind of behavior as stated in
Lemma [2.1]

From now on, we assume that € < e, as otherwise the subsequent
analysis can be carried out using standard techniques.

2

Lemma 3.1. Let u € H}(0,1) be such that
|u(z)| < Co,

1—x

for all x € (0,1), with Cy > 0 independent of € and pu. Then, if ul
denotes the piecewise linear Lagrange interpolant of u on an e-graded
mesh, there exists a constant C' such that

||U - UIHQJ S Ch.
Proof. Since u is bounded, we have

= 1B 1, < ATl ey < 2Col Tl
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Using that |I1]| = h*, we get
1 1
lu— |3, < Ch* = Chi= = Ch?8 % < O1?,

because we have assumed £ < e~2.

Let
11—z

bo(r) =1+e e @ fele ™,

—1 _al_J

bu(x) =1+ p e 4 p e 0
Using that for each interval I; we have
lu = u"llo.r, < CIL] [0,

and since for 2 <4 < mid it holds |[;| < ha? for all x € I;, we obtain

o — |2

oana = PG 1)
< OB (124 17 g + 1278l 1))

Since € < u, we have that

y=1- =Y

>1-— :
2log % - 2log l%
and therefore ¥ < 27 on ((), %) Then

12 2 0% 2 Yu 2

lw = "2 g 900, < OB (14100 0+ ™0l 19 ) -

It can be checked that
(7) erybsHo,(oé) <C and Hx%b,u“o,(oé) <C.
Indeed, for the first inequality, recalling the definition of b., we have

la7bellg 0.4 < Il (14257775 [l 0.

<C+2 Hx”e‘le_o‘g

But, using the substitution y = z/¢, we get

1

2 2 _9 _9,T _ * _
0.(0.1) :/ e 207200 dp < &2 1/ yzve 29 .
’ 0 0

)

1 —aZ
€

Haﬂe e

Since 2y — 1 > 0 for ¢ < e !, we have that the last integral is finite
(with the constant involved depending only on «), and we obtain, in
this case, the first estimate of . The case £ > e~ ! is clear. Second
estimate in follows similarly.

Therefore, we obtain that

1
||u u ||07(07%) S Ch.
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Clearly a similar estimate can be obtained for the interval (%, 1). 0

Remark 3.2. With a similar proof, for ¢ small enough, by using the
interpolation error estimate

o1, < CILP[u"[|o.g,

|lu — u’
on the intervals I; C (0, %) \ 11, it can be proved that the inequality
HU — U,IHQJ S Ch2

holds for e-graded meshes.

Lemma 3.2. Let u € H*(0,1)NHY(0,1) and u’ be its piecewise linear
Lagrange interpolation on an e-graded mesh.

1) Suppose |u”| < Cy (1 Fe et 42 f e 2 4 ,sze_o‘%>

for some constant Cy independent of € and p. Then, we have

8) (u —ul)[lo < Ce2h.
i) If |u"| < Cy (1 e 4 u‘%fal%z), with Cy independent
of u, then
9) [(u—u"Y|lo < Cp~zh.

Proof. We will prove the results for the restriction to (0, %) with a
boundary layer at x = 0, the corresponding result for a function with
a boundary layer at x = 1 on the interval (%, 1) can be obtained by
using the same arguments, but estimates on p instead of €.

For the first interval I, for v given in , we can use the following

estimate (see, for example, [16, Proposition 1.2.4])
1w —=u"Yllon < CHL 274" [lo,n
and for the rest of the intervals I;,2 = 1, ..., mid, we have
1w = w"Y'llo.r, < CIL[[u"llo.r.

Then, we obtain

mid
[ (uw — uI)’HS,(Oé) = |[(w = aYIf5 1, + D = u"YII5
=2
mid
< C|]1|2_27||1'7U//||(2)7h + CZ |Ii|2||u,/||(2),]i'
=2

Since
L] = h7, |I;| = hx] | i=2,...,mid
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we get
mid

o) =Y oy < OR*OD 3 1, +C 3 ¥,
i=2

< O™, )

since 2s(1 — ) = 2.

In order to prove i) we observe that, since the function f(y) = ye™?
is decreasing for y > 1 and the integrals [~ y°e™2* dy are uniformly
bounded for § € [0, 4], taking into account that ¢ < p, we obtain

7l o gy = € (1477

1
2

But 2y —3=—-1— @ and 273 = ee™ !, 50
C
12
(1]‘) ||x’yu ||07(07%) S ;
Thus, by combining and , we get
C

I VTP < 22

= ul)IE 0 < T

To obtain ii) we observe that, in this case,
7l gy = € (41777

Therefore, by using this in and the fact that p>=2 < 272 we
obtain

| (u — uI)’Hg (0.1) < COR? (14 p>7%) < ChPp e 2,
U2

Since €772 = ¢, we have
(=) I ) < CHR,
and the proof concludes. U

3.3. H!'-Stability of L? projections. In this Subsection we define
two different L? projections and analyze their stability. These results
are a fundamental tool in order to obtain our error estimates.

First, for any v € H'(I), we consider the typical L? projection
Po(u) € V}, as

(12) /IPO(u)U = /Iuv, You € V.

The following Lemma provides the stability of Py as a map from H*(I)
to Vh.
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Lemma 3.3. Assume that T, satisfies

[lia| < [L] < colLial, 2 <4 < mid,
[ Lit1| < |G| < col il mid <¢ < M —1,
with 1 < ¢y < 3, then

1(Pow)llo < Cllu'llo,  Yu € HY(I),

(13)

with C = C(co).

Proof. Following [4, Theorem 4.1], it is enough to check that condition
[4, ineq. (4.2)] is verified.
We define the 2 x 2 matrices Gy, D, and H; by

Ge[i,j] = (92557 gbﬁ)h? D, = diag(||¢f||8,lg)a Hy = dl&g(ilf)
Now, we have to prove that there exists a positive constant ¢ such that
(14) (H'GoHpa', 2") > co(Dea’,2")  Va' € R%

First, we observe that
e

Then it follows that

he ifi=j
he ifi=1,j=2 ori=27j=1.

DW=

H—IGHZ f_lh N2 lh h_é h_ti 0,0 lh N2
(H, G, £$,=’U>—3 o(z7) +6 ¢ ilz‘f'ﬁe $1$2+3 o(x3)".
1 2
Now we have,
i)if £ =1,
h = hy,
. 1 1+
h§=§(h1+h2)§ ZCOhh

iLg Z h17
ii) if 2 < £ < mid,

A 1
hi = §(h€—1 + he) < hy,
1
§(h£+1 + hy) <
iL? Z 1 -+ Co

200

h'g Z hf?

iii) fmid+1 << M -1,

- 1+¢
¢ 0
hy =

h€7

hZa
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1 1+
e = =(he_y + he) < —2h,,
2 2
1
hé = §(h£+1 + hy) < hy,
hﬁ Z h€7
o 1 +Co
he > h
2 260 e
iv) if £ = M,
. 1 1+¢
hi = 5 (hat + harr) < P,
he = hay,
he > hyy.

Now, since ¢y > 1, we have 12—60 +1 <1+ ¢y and so we get for any /
that

Bﬁ 7l
A_?"‘A_l < 1+Co,
hl h2

and

1 (hs R
“hy | =2+ A—1> ol ah
0 (hf h

Then, we obtain

h
(16) (H'GoHea',af) > —;(3 — co)[(21)* + (3)%].
On the other hand,
(17) (Deat, ') = |1¢1 5 1, (21)? + |651[5, 1, (a3)* =

Then follows from and . O

Now, for any v(z) = (vi(z),va(x))T € H}(I) we define the projection
Qn(v) = (Qn1(v), Qna(v))" € V), as

(18) (AQpv,vy) = (Av,vy) Vvy, € V.
The projection @)y is well defined thanks to the positive definiteness
of A.

To prove the H'-stability of the projection @ we follow again the
ideas of [4]. We need some preliminary definitions and results.
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For any interval I,, we have the following four local vector basis
functions of Vy,:

@] = (61,0)", @5 = (63,0)", @5 = (0,1)", @} = (0, ¢5)".
Now, we introduce the local matrices Gy, Hy, D, € R*** by
Guli, j] = (A¢f7¢§)lg
H, = diag (ﬁ’i, he, Rt ﬁg)
D, = diag (||®{[[5 ) -

We need the following assumption on the coefficient matrix A in order
to obtain the stability result.

Assumption 1. Assume that T, satisfies , with 1 < ¢y < 3, and
that there exists a positive constant By such that the entries of the
matriz A satisfy

(3 = co) aii(w) — (2 + co) (lagr(z)| + [ar2(x)]) = So, i=1,2
for all z € [0, 1].

Lemma 3.4. Under Assumption [l there exists a positive constant dy
such that for h small enough we have

(19) <IIZ1 G Hx' x") > do(DgXé,X£> vxt e R

Proof. A simple computation using the generalized integral mean value
theorem and shows that

2a11(211) Z—fan (z11)  2a1(221) Z—fﬂm(fm)
itan (i) 20n(rh)  an(ah) 2 ()
2a12(712) Z—jam(:c’n) 2a22(722) Z—fazz(%'gz)

Z—;au(l'/lz) 2a12(215) %@22(7:/22) 2a95(23,)

h
H,'GH, = é

4 / 2
with z;;, r;; and 27},

1,7 = 1,2, points in I,, and
h
D, = édiag(l,l, 1,1).

Then, using that for any a,b € R, ab < & + %, and the fact that
a12(x), azi(z) <0 and a1 (), ag(x) > 0, Vo € [0,1], we have

a?
2

h
(H,'GHx, x) > é (L1a? + Loa? + Lya? + Lya?)
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with
1 hy 1 h
Ly := [2a11($11) - 5@11(1‘11)h |z (w21)] — —|a21(5021)|h2
1 1
| h 1 h
—§a11(m'11)A—1 - |a12(x12)| - §|@12($,12>|A_1] ’
2 2
1 By 1 h
Ly := [2(111@,1/1) 26L11($11)h |azi (23,)] — §|a21(x'21)|il—1
1 2
1 il 1 ilz
- 2(111(1"11)h |a12(27,)] — §|a12($/12)|ﬁ—] :
2 1
1 hy 1 h
Lj:= [2a22($22) - §a21($21>h |ag1 (w21)] — |a22(13’22)fh—1
) 2
1 Do 1 h
- 5(112(%2)}“ |a12(:v12)| - —|a22($22)’h?]
and
1 By 1 h
Ly = [26122(55/2/2) 2G22(x22)h | a1 (25;)] — 5’“21(95/21)’71_2
1 1
1 iL 1 ih
- §a12(x12)h2 |ara(2,)| — 5’“22(5’3/22)’72]

Let Li(x),i=1,...,4 be defined as L; but replacing ;;, z;; and x7; by
x for all 4, j. Then our hypothesis implies that for all z € [0, 1]

L), Eate) 2 ) (3= 3 ) = (15 3 ) o) + (o)) 2 2

and

L(z), La(z) > as(z) (% — %co) - (1 + %CO) (lara(z)| + |asa(x)]) > %
€

From the uniform continuity of a;; on [0, 1] and the fact that x;;, 7;, 27
Iy, with |I,| < h, it follows that there exists hg such that for h < hg we
have L; > 5 Bo ,t=1...,4 and then

(H,'GHx,x) > %W\Xq?-
Since

h
(Dixt, ') = [
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we have that (I9) holds for h < ho with dy = 2. O
Now, we define the basis vector functions
Dy = (o1, 0)7, By, = (0, 0)7, k=1,2,...,M —1.

Let Dy € REM=2xEM=2) apnq D, € REM-DxEM=2) he the diagonal
matrices

Ds = diag (514:) , D¢ = diag (ﬁk||q)k||0> )

with

dop—1 = 0o = Z hZQH@RH(QLIZ'
el(k)

Finally, we define the (2M — 2) x (2M — 2) Gram matrix G by

The proof of the next Lemma follows by the same arguments used in
[4, Lemma 5.1].

Lemma 3.5. Under Assumption |1| there exists a positive constant C'
such that

x| < C|Gx| Vvx e R*M
where G s the scaled Gram matriz defined by
G=D,'GD;".
Hence, we obtain the following result.

Lemma 3.6. Under Assumption[l, we have

M 2M—2 2
Avy, P
(20) Z h22 (AVh, Vh)[g g Z M 5
—1 k=1 hk”q)kHO

for all vy, € V.

Proof. The proof follows the same ideas given in [4, Lemma 4.1], we
include it for the sake of completeness.
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2M -2

Let vy, = > v’fﬂ)k € V,,. For the left hand side of we have
k=1

M
Zhﬁ Avy, Vi), <CZh Ivalls.,
-1

=1

<CZh ? Z Vh H(I)kuon
=1 keJ (L)
2M —2

=C Y Y RIS,
k=1 tel(k)

2 2M -2

M—
:02 =C ) x=Clx],
=1 k=1
—2

where x = (x)22 % = (VEd. )2,
The right hand side in is

2 _ Q2
2%:2 (Avi, @i) | _ 2%:2 2%:2‘, (A®;, &)
k=1 th(I)kHO k=1 L j=1 th(I)k’”O 1
42
k=1 L j=1 5 hk”(I)kHO
2M—2
= [(G%),)" = Ix/*.
k=1
Therefore, follows from the previous Lemma. U

Now, we are able to prove the H'-stability of the Q)-projection. The
proof follows the lines of [4, Theorem 4.1].

Theorem 3.1. If Assumption holds, then the operator Qy, is H(I)-
stable, 1i.e.,

|Quv]ls < Cllvlli  for all v € H'(I),

with C' a positive constant independent of v and h.

Proof. We define II,v = (v{,v3)" where v] denotes the classical La-
grange interpolant of v; in Vj,, j =1, 2.

From the triangle inequality, the H'-stability of the classical La-
grange interpolant in V}, and the classical local inverse inequality ||vp /1.7, <
h; Hvnllo.s, for any vy, € Vj, it follows that there exists a constant C
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such that

M
lowvli<C (HHhVH? + ) 11Qnv — HhVHiIg)

M
<C (IIVII? + Y Qv — HhVHg,IL]) :

/=1

Now, using (3) we get that [|v|[5 ;, is equivalent to (Av,v), .
Hence, we obtain

Zh 21Qnv — yvl|f 4, < CZh A(Qnv —TIv), Quv — 1)

(=1 (=1

Denote by wy the support of ¢y, that is, wy = Iy U I;+;. From the
Lemma above and the Schwarz inequality, we can conclude that

ul 2M )

A(Qrv —1Iv), @
E:}QQHQhV_'HhV%Je§(7§:IK (Qnv — Iyv) kq
(=1

hi|[ @l

V - HhV) (I)/f)wk:|2

=C
Z [ hi||[ @kl

= CZ hi*|AGY = T [[5 0,

2M

<COY vl < CIvIE,

where we use again the Lagrange interpolation error estimates. U

3.4. An auxiliary estimate for a single reaction-diffusion equa-
tion. In this subsection we present, as a preliminary result, error esti-
mates in balanced norms for a singularly perturbed reaction-diffusion
equation.

Let us consider the reaction-diffusion equation

— 2" (2) + bou(z) =f(x) x € (0,1)

(21) u(0) = u(1) =0

with u > €, by a positive constant and f smooth. It is well known that
the solution satisfies (see [9])

(22) |u(k)($)|§0<1+u,_ke O 4 ke ) k=0,1,2.
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The energy norm associated to the problem is given by
lull? = 12]le/|[5 + bollulls,
and the corresponding balanced norm is given by
2
llullly; = pllw’[I5 + bollull.

From the definition of Py given in equation (12)) and since p?(u’ —
uj, ') 4 bo(u — up,v) = 0,Vv € Vj, following [13, Subsection 2.3.1] we

get
1

[[un, — Poull? = Mz/ (u = Pou)’ (un — Pou)’
0
< 12||(w = Pow)[lo]| (un — Pou)'|lo
< pll(u = Pow)[[o|un — Poulle.
Thus,
pull(un = Pou)'llo < [lun — Poulle < pl (w — Pou)' o,
and, in particular,
(23) [[(un = Pow)'llo < [[(w — Pou)'[lo-
By the triangular inequality and
1 1 1
12 || (w = un)llo < p2[|(u = Pow)'llo + p2 || (Pow — un)'llo
< 202 (u = Pow)'Jo.
Therefore, if we prove that
I(w = Pow)'flo < Cp~2h

we would obtain
1
uE (= un)'llo < Ch.

Let u! € V}, be the Lagrange interpolant of the solution u of .
Then, from H'-stability of the projection Py (Lemma , we get

1w = Pou)llo < [I(w = u")'llo + I [Po(w — u")]'llo
< (14Ol —u"Y -

Then, in view of ([22) and the error estimate for Lagrange interpola-
tion given in Lemma [3.2] we have that ||(u — u!)|jg < Cpu~zh. So

I(u—Pou)'lo < Cp2h,

and we have the following result.
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Theorem 3.2. Let u be the solution of the problem . Let up € Vi,
the solution of —u?(uj,v') + bo(up,v) = (f,v),Yv € V. Assuming that
the e-graded mesh satisfies we have that

1
(= un)'lo < Cp2h.
As a consequence of the last theorem and the Lagrange interpolation
error estimates for the solution u, we have
lu = unllo < Jlu— unlle < Ch,

and therefore, we obtain the following estimate for the error in the
balanced norm

Il = wnlly = pll(w = un)'lI§ + bollu — unllg < Ch®.

4. ERROR ESTIMATES IN BALANCED NORMS

The goal of this Section is to obtain error estimates for the solution
of the coupled system by using the e-graded meshes introduced in
the previous Section.

First, we analyze a coupled system with equal perturbed parameters.
Then, we consider the case of a coupled system with two different small
parameters but assuming constant coefficients in both equations.

4.1. Case j = e¢.

Theorem 4.1. Let u = (uy,us) be the solution of the system with
e = u, and let u, = (upq,up2) be its corresponding finite element
approzimation on Vy,. Assuming Assumption[1] holds and that e-graded
mesh satisfies the condition (13)), we have that there exists a constant
C, independent of €, such that

lla =l < Ch.

Proof. Following the same ideas of the proof of Theorem 3.2} we observe
that, if we consider the @), projector defined in we have

Cllu, — Quul? < B(u, — Qpu, vy, — Qpu) = B(u — Qpu, uy, — Qpu)
1
_ 2 o . o /
=€ /0 (u—Qupu)" - (up — Quu)

< el|(u = Qnu)'[lo[[un — Qnulle.

Therefore, Cllu, — Qpulle < €l|(u — Qpu)|lo. Moreover, since ||(u; —
Qru)'llo < |lup — Qprul|e, we can conclude that

[(ar, = @unu)'llo < Cll(u = Qru)[lo.
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Then, using the Lagrange interpolant II,u = (u!,u)T and the H!-
stability of @), obtained in Theorem together with Poincare’s in-

equality, we get
e3]|(u— ) flo < 7| (u—Quu)' o + 22| (Qru — us) o
< Ce2|| (u— Quu) [lo
< Cer {|| (w—T0u) flo + || [Qn (u — Tyu)][lo}
< Cez|| (u — ) |o.
Therefore, from Lemma (3.2, we obtain
(24) exf|(u—u)'||o < Ch.

On the other hand, from the Galerkin orthogonality and the La-
grange interpolation error estimates of Lemmas [3.1] and [3.2], we have

(25) [u—uslo < flu—wlle < [lu—Tulle < Ch.
Thus, the proof concludes from inequalities and (25). O

Remark 4.1. We want to observe that our results can be extended,
by analogous arqguments, to the case of more than two equations. For
example, for the case of three equations the main results can be obtained
by assuming that the entries of the matriz A satisfy that a; > 0,a;; <
0,1 # 7, 1 <i,5 <3, there exists a # 0 such that

3
min aii(2),1<i<3% >a?
IR ERETRT
and

(3 = co) ais(z) = (2+c0) ) (lau(@)| + lay(@))) = fo,  i=1,2,3
for all x € [0, 1].

4.2. Case ¢ # p. In this Subsection we analyze the case in which we
have two different small perturbed parameters but all the entries of the
matrix A are constants.

We observe that, if we consider again the projector Qpu = (Qp1u, Qpou)”
we have that

/(ath,ﬂl + a12Qpou) vy = /(anul + ajpus) vy Vo € Vy,
I I

/(a21Qh,1u + aQpou) vy = /(a21u1 + agus) Vg Vv € Vy,

I I
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and so
Cllu, — Qpul)? < B(uy — Qru,u, — Qpu) = B(u — Qpu, vy, — Qpu)

1
= 52/ (u1 — Qpau) (up1 — Qpaiu)'+
0

1
M2/0 (uz — Qn2ut) (up2 — Qnout)’

< &?||(uy — Qnaw) ol (un1 — Qnan)'|lo+
M2||(U2 - Qh,Qu)/ |0||(Uh,2 - Qh,?u),HO
< [ell(ur = Qnaw)[lo + pl| (w2 — Qn2w)'[lo] lun — Qnufc.

Thus,

ell(un,y — Qnaw)'flo + | (un2 — Qn21)[lo <
Cllu, = Quulle < efl(ur — Qnaw)llo + pll (u2 = Qn21)' o,
and, in particular, we have
ell(un1 — Qnia)[lo < ell(ur — Qnan)llo + pll(u2 — Qn21) o,
pll(une — Qnow)'llo < ell(ur — Qnau)[lo + | (w2 — Qp21)[lo-
We observe that, in view of the previous results, we might expect

(w1 — Quan)|o < Ce™2h,
(us — Qnon)[lo < Cu~2h,

however, we could only get

&3 (un1 — Quan)flo < Ch {1 +(£)°

ol
()]

and so these would not give the desired estimate for £2 || (u, 1 —Qp.1u)’[|o-
In order to get the optimal estimations in the balanced norm, we use

a trick introduced by Roos [22] defining the projection & = (4, Us) €

V,, as: Yui, v € Vp,,

(26)

12 || (w2 — Quon)|lo < Ch

(@11t (x) + ar122(x), v1) = (a1u1(x) + arpus(x), v1),
2 (U, vy) + (9101 () + agatia (), v2) = p?(uh, vh) + (agiuy(x) + assus(z), vs) .

From the first equation of we have

(@ (z),01) = (ul(:v) + B2 (2) — ag(x)),vl) . Yo eV,

a1
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and so we can eliminate 4, in the second equation of and get

12 (i, ) + (M [ul(x) + Z—i(uz(x) - @@))] + agsfia(x), UQ)

= 1% (ub, vy) + (agui(x) + axnus(x),vs), Yvy € V).

Therefore,

~ a N
(27)  pP (i, vy) + [(azg — agla—n) to(), vz}

11

a
= M2(U/2, Ué) + |:(&22 - a21a_12) UZ(x), U2:| s Yvg € V.

11

Let cq4 = a99 — a91 %2, which satifies
a1’

agai — anay  det(A)

= = > 0.
ai ai

Then, the equation (27)) can be written as
12 (G, vh) + (catig, vg) = i (uhy, vh) + (caua, v3), Yy € V.

Thus, s is indeed the projection on V}, of us with the inner product
a,(u,v) = p?(u',v') 4+ calu,v), ie.,

a,(ug — g, v) =0, Vv € V.
Then, taking into account that
(Pouz,v) = (ug,v), Yu € Vp,
we can proceed as in the proof of Theorem and observe that
[is — Pouzlle < pull(uz — Pous)'llo,
from which, since p||ty — Pousllo < ||tz — Pouz|e, we get
(2 = Pouz)'lle < Cll(uz — Pouz)’[lo-

Hence, using the triangle inequality and the stability result for Py in
Lemma (3.3 we can conclude that

1 ~ 1 1
12 || (ug — @) [lo < Cpa2 || (ua — Pous)'llo < Cpaz|| (g — ul)'|fo.
Then, from @D, we finally obtain
p2||(uz — @) o < Ch.

Now, we want to obtain an error estimate for el|(u; — 1)’||2.
For any v, € V}, we have that

(ur,vp) = (fh + %(% — U2)>Uh) = (fh + %(ﬁa — Poluz)), Uh) :

a1
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As a consequence of the uniqueness of the L? projection P, we can

affirm that
Q12

Uy + — (U2 — Poluz)) = Polur),
a1
ie.,
~ a ~
Uy = 770(“1) - ﬁ(Uz - Po(uz))-
a11

Thus, from Lemmas [2.1] and we can assure that

(Ul — Polur) + =2 (i1 — 730(“2)))/

an 0
< |[(ur = Po(ur)) o + C| (G2 — ug)'||o + || (w2 — Po(uz2))'[lo

< Ce 2h + Cu’%h.

lus = 2o =

Therefore, e2 || (it — uy)'||o < Ch. Now, from the definition (26)) we can
write

(G — up1) |l < B —up, 0 —up) = Bl —u, 4 — up)

=&’ /(ﬁl — 1) (G — uy)" < E2|(Gy — un,1) [0l (61 — uy)[lo-
I

Therefore,
. . _1
(@1 — un1)'llo < [[(@ — ui)'llo < e 2Ch,
and, as a consequence,

(28) 2| (ur — uny)llo < €2 {[| (. — wr)[lo + (it — urp)[lo} < Ch.
On the other hand, since

2| (2 — up2)'[l5 < B — wp, & —up) = B(d—u, 0 — )

=& /(@1 — ) (G — wy) < %||(G — un)[[o]| (G — ) |lo,

I
we get
12 (i — upp) I3 < e2Ce™'h? = Ceh?,
and so,
Gz = wn2) I < O0 < OB
Consequently,

(29)  pull(u2 — un2)llg < el (w2 = t2)'[I§ + pill (G2 — un2)'llG < C®.

On the other hand, from Lemma [3.1} and Lemma [3.2] it is clear that

(30) lu —wllo < flu —upfle < flu—Tufle < Ch.
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So, as an immediate consequence of estimations , and ,

we obtain the following main result.

Theorem 4.2. Let u = (uy,uz) be the solution of the system and
let up = (up1,un2) be its corresponding finite element approzimation
on V. Assuming that the e-graded mesh satisfies the condition ,
we have that there exists a constant C', independent of € and p, such
that

lla =l < Ch.

Remark 4.2. We note that the case of more than two equations,
with constant coefficients and different perturbation parameters, can
be treated with similar arguments. Indeed, in the case of three equa-
tions, with perturbation parameters e1 < g9 < €3 and a positive definite
matriz A € R¥3, the projection G = (i1, Uy, U3) € Vy, can be defined
as in by asking

(anﬁl ($) + Gn’&g(l’) —|—a13113(:c), Ul) =

(ar1ur(z) + arpuz(z) + a1zuz(x), v1)
(CLQl'&/l (%) + O/QQ'&Q(.I') +CL23@3<£IZ’), Ug) =

(CL21U1 (l’) + CLQQUQ(I’ + a23U3({E 7'02)

e3 (T, vh)+ (az1ty () + agptia(z

)
)

e5(us, vh) + (agiur(2) + asus(z) 4 assug(x), vs)

)
-+ aggﬁg(ﬂf),vg) =
for all vi,vy,v3 € V},.

5. NUMERICAL EXAMPLES

In this Section, we present numerical examples that confirm the the-
oretical results of Theorems [4.1] and .2l

Problems are approximated using graded meshes as specified in Sub-
section for the corresponding parameters ¢ and h. The errors
e, = ||u—uyl|| are computed numerically, comparing the approxi-
mated solution uy, for A from 0.32 to 0.01, with the finite element
solution obtained with a mesh ten times finer, i.e. with A = 1073,

We compute the rates of convergence with respect to h, r,, and with
respect to the number of degrees of freedom, ry, as follows:

log e, — log en log ey, — log en
’ TN__logNh—logN%’

Th =

log 2

where N, denotes the number of elements of an e-graded mesh 7j,.
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02
0.15

FIGURE 2. Numerical solutions u; (left) and wuy (right)
of Example for e = 1076,

=105 =102 e=10" =103
Ny | |II-[|-error | 7 | v~ || Np | |[|-|[[-error | rn | ra
0.32 || 144 | 3.5080e-02 | - - 216 | 3.4808e-02 | - -
0.16 || 330 | 1.9185e-02 | 0.87 | 0.73 || 498 | 1.9040e-02 | 0.87 | 0.72
0.08 || 684 | 1.0118e-02 | 0.92 | 0.88 || 1036 | 1.0043e-02 | 0.92 | 0.87
0.04 || 1376 | 5.2127e-03 | 0.96 | 0.95 || 2082 | 5.1746e-03 | 0.96 | 0.95
0.02 || 2742 | 2.6544e-03 | 0.97 | 0.98 || 4148 | 2.6351e-03 | 0.97 | 0.98
0.01 || 5456 | 1.3527e-03 | 0.97 | 0.98 || 8252 | 1.3429e-03 | 0.97 | 0.98
TABLE 1. Numerical errors for Example [5.1

The computations were implemented in Octave [7]. We remark that
the computation of the integrals involving in the bilinear form B can
be made just using the mesh widths. The linear system was solved
using the backslash “\” command.

5.1. First Example: variable coefficients, ¢ = . In order to con-
firm the estimates given in Theorem in this example we consider
the numerical solution of system with variable coefficients given by

ay(r) = 5(x +1)% app(r) = — (14 2)?,

(B31) as () = —2cos <gx> , ag(x) = 5e' 77,

and

fi(z) = fo(z) =1 on [0, 1].
A graph of the numerical solution obtained for ¢ = 107° is shown
in Figure 2] Table [I] reports the errors in balanced norm and the

numerical rates of convergence obtained for ¢ = 107¢ and ¢ = 107°.
The purpose of Table [2| is to study the robustness of graded meshes
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- Column A | Column B
[reror | JT--error
1le-01 | 1.4193e-02 | 8.1381e-03
1e-02 | 1.3104e-02 | 8.6045e-03
1e-03 | 1.2767e-02 | 9.0517¢-03
1le-04 | 1.2616e-02 | 9.5381e-03
1e-05 | 1.2528e-02 | 1.0051e-02
1e-06 | 1.2471e-02 | 1.0591e-02
1e-07 | 1.2431e-02 | 1.1158e-02
1e-08 | 1.2401e-02 | 1.1753e-02
1e-09 | 1.2378e-02 | 1.2378e-02

TABLE 2. Comparison of estimated errors in balanced
norm, for Example [5.1], for different values of e. Column
A: graded meshes for particular € and h = 0.1 are used in
cach case. Column B: a single graded mesh for ¢ = 107°
and h = 0.1 is used for all cases

in two aspects. Firstly, the parameter h = 0.1 is fixed while ¢ varies
between 1072 and 107!, Solution are computed using each e-graded
mesh with A~ = 0.1. We see in Column A that the estimated numerical
errors in balanced norm remain in a stable range. Secondly, a single
e-graded mesh, designed for fixed parameters ¢ = 107 and h = 0.1,
is used to compute the solution for problems with different values of
the parameter e. We see in Column B that the numerical errors also
remain almost unchanged near 0.01.

5.2. Second Example: constant coefficients, ¢ # p. In order to
confirm the results of Theorem we consider the following coupled
reaction—diffusion problem with constant coefficients, taken from [14]

[17]:

—e®u} () + 2uy () — ug(r) =1 in I:=(0,1)
(32) —pPul(x) — uy () + 2ug(z) = 1

Figure [5.1|shows the graphs of the numerical solutions u; and us which
matches with those presented in [I7]. One can observe the structure of
the boundary layers when different parameters ¢ and p are considered.

In Table 3] we show the numerical results for the approximation of
problem for the cases e = 107%, u =102 and ¢ = 1072, u = 1073,
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—uy
--Up

FiGurE 3. Numerical solution of Example with ¢ =
107% and p = 1072

e=10"%pu=10"2 e=10" u=10"3
Ny | l-ll-etror | rp | r~ || Nn | |[|-|[-error | rn | TN
0.32 || 144 |9.0274e-02 | - - 216 |9.0090e-02 | - -
0.16 || 330 | 4.8701e-02 | 0.89 | 0.74 || 498 | 4.8628e-02 | 0.89 | 0.74
0.08 || 684 | 2.5449e-02 | 0.94 | 0.89 || 1036 | 2.5421e-02 | 0.94 | 0.89
0.04 || 1376 | 1.3041e-02 | 0.96 | 0.96 || 2082 | 1.3030e-02 | 0.96 | 0.96
0.02 || 2742 | 6.6214e-03 | 0.98 | 0.98 || 4148 | 6.6165e-03 | 0.98 | 0.98
0.01 || 5456 | 3.3691e-03 | 0.98 | 0.98 || 8252 | 3.3669e-03 | 0.97 | 0.98
TABLE 3. Numerical errors and rates of convergence in
balanced norms for Example

Table {4 shows the numerical errors obtained for the same problem
when ¢ = 107 and p varies between 1072 and 107!, Since ¢ is fixed,
in all cases, the same e-graded mesh is used, with h = 0.1. We can see
that errors remain almost unchanged for all values of .

5.3. Third Example: Variable coefficients, ¢ # u. As a possible
line for further research, we deal here with an example which is not
covered by the theory of this manuscript. We consider a system with
the same matrix of Example[5.1] but with different parameters € and p.

We see that the two cases considered in TableBlshow the same orders
of convergence of those given in Theorems [4.1] and [4.2]

6. CONCLUSIONS

We have considered the convergence, in a balanced norm, of the lin-
ear finite element approximation with graded meshes of a singularly
perturbed system of two ordinary differential reaction—diffusion equa-
tions. First we have analyzed the case of variable coefficients with the
same parameter in both equations and then, we have considered the
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i ] Tl error
le-01 | 2.9421e-02
1le-02 | 3.0373e-02
1e-03 | 3.1409e-02
le-04 | 3.2519e-02
le-05 | 3.3707e-02
1e-06 | 3.4977e-02
1e-07 | 3.6364e-02
1e-08 | 3.8466e-02
1le-09 | 4.4002e-02
TABLE 4. Numerical errors for Example with ¢ =
1079 and different values of . The graded mesh used is
the one designed for e = 107 and h = 0.1

e=10"% =102 e=10" u=10"3
Ny | l-ll-etror | rn | r~ || Nn | |[|-|[-error | rn | TN
0.32 | 144 | 2.7992e-02 | - - 216 | 2.7737e-02 | - -
0.16 || 330 | 1.5173e-02 | 0.88 | 0.74 || 498 | 1.5037e-02 | 0.88 | 0.73
0.08 || 684 | 7.9543e-03 | 0.93 | 0.89 || 1036 | 7.8838e-03 | 0.93 | 0.88
0.04 || 1376 | 4.0839e-03 | 0.96 | 0.95 || 2082 | 4.0480e-03 | 0.96 | 0.96
0.02 || 2742 | 2.0756e-03 | 0.98 | 0.98 || 4148 | 2.0575e-03 | 0.98 | 0.98
0.01 || 5456 | 1.0567e-03 | 0.97 | 0.98 || 8252 | 1.0475e-03 | 0.97 | 0.98
TABLE 5. Numerical errors for Example [5.3

case of different small parameters multiplying the second-order deriva-
tives but assuming constant coefficients in both equations. In both
cases, almost optimal error estimates with respect to the number of
degrees of freedom were proved when appropriate graded meshes are
used. Those estimates are robust with respect to the singular pertur-
bation. The goal of our approach is that the proposed graded meshes
depend only on the smallest parameter of the system. We also explain
that our techniques can be easily extended to systems of more than
two equations.

Key tools to obtain our results are H' stability estimates for distinct
L?-projections on the finite element space which hold on the (non-
quasiuniform) graded meshes. We also include an example of variable
coefficients and different perturbation parameters, even though it is
not covered by our theory (the projections defined in can not be
applied). This issue is subject of future research.



ANALYSIS IN BALANCED NORMS FOR SYSTEMS 29

On the other hand, a preliminary analysis shows that graded meshes
for higher order approximations require too small elements near the
boundary, and therefore the design of practical graded meshes still
need further investigation.
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