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ABSTRACT. A Virtual Element Method is introduced for the mixed approximation of a simple model
problem for the Laplace operator on a polyhedron. The method is fully analysed when the meshes are
made up of triangular right prisms, pyramids and tetrahedra. The local discrete spaces coincide with
the lowest order Raviart-Thomas spaces on tetrahedral and triangular right prismatic elements, and
extend them to pyramidal elements. The discrete scheme is well posed and optimal interpolation error
estimates are proved on meshes which allow for anisotropic elements. In particular, local interpolation
error estimates for the discrete element space are optimal and anisotropic on anisotropic right prisms.
Furthermore, a discretization of the model problem in the presence of edge and vertex singularities is
analysed for the proposed method on a family of suitably designed graded meshes, and optimal estimates
for the approximation error are obtained, extending in this way the results of [Farhloul, Nicaise, Paquet,
ESAIM: M2AN 35 (2001) 907-920] where cylindrical domains with edge singularities were considered.

1. INTRODUCTION

This paper is mainly motivated by the following observation regarding the approximation properties
of the Raviart-Thomas space RT(T) on a tetrahedron T. There exists a constant C'(¢) depending only
on ¢ such that if T satisfies the reqular vertex property with parameter ¢ (RVP(¢)) and u € H'(T)? then

3
(1) ||u — H0u||L2(T) < C(E) Z hi||8xiu||Lz(T) + hT”diV uHLz(T) ,
=1

where IIj is the Raviart-Thomas interpolation operator of lowest order [17, 21], hr is the diameter of T
and h; is the diameter of T' in the z;-direction. The tetrahedron T satisfies RVP(¢) if it has a vertex
v such that if ¢;, i = 1,2, 3 are the versors with directions of the edges sharing v and M is the matrix
made up column-wise with ¢; then det M > ¢. The result is also valid for higher order Raviart-Thomas
interpolation [1]. A less restrictive geometrical property is the mazimum angle condition (MAC). We say
that a tetrahedron T satisfies MAC(a&) if the angles of the faces of T and between faces are less than
a. We know that there exists a constant C(@) depending only on @& such that for all T which satisfies
MAC(@) it holds

(2) llu —Tloul|z2 () < C(@)hru|g (1),

for all u € HY(T)3. Inequality (2) is weaker than (1), since there are elements satisfying MAC(&) for
a fixed & with arbitrarily small RVP parameter ¢, making the constant C(¢) in (1) to degenerate [1].
Furthermore, inequality (1) cannot be proved under the maximum angle condition as stated in [1] by
means of a counterexample.
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FIGURE 1. Tetrahedra satisfying MAC(%). The tetrahedron at the right satisfies RVP
with a poor constant close to 0.

In several situations in mixed finite element approximations the use of meshes with narrow elements
is needed. This is the case for instance when dealing with the Poisson equation

(3) —Ap = f on
p = 0 in 092,

in a polyhedron © with concave edges, which, introducing the vectorial variable u = —Vp can be written
as (3) is

u = —-Vp in
4) divu = f in

p = 0 on 0N).

In this case, u is in general not in H' due to vertex and edges singularities. In particular, close to
concave edges, the solution is expected to be more regular in its direction than transversally to it, and
consequently the mesh has to be accordingly refined in order to recover optimal order of convergence with
respect to the number of degrees of freedom [2, 3, 4]. Those meshes contain elements which are arbitrarily
elongated in the direction of concave edges (direction in which the solution is more regular). It is possible
to construct this kind of meshes with tetrahedral elements all satisfying MAC(a) for & < = fixed, but
unfortunately those elements do not satisfy RVP with a parameter uniformly far from 0. That is due to
the presence of tetrahedra with bounded maximal angle but poor regular vertex constant, see Figure 1.
So, interpolation error estimate (1) cannot be globally used to estimate the error approximation, but (2)
has to be taken, and consequently, the anisotropic properties of the meshes may give no benefit.

An idea to overcome this difficulty, for the case of Q being a cylindrical polyhedral domain, was
proposed in [13]. In this case, when f is in L?(Q), the solution may exhibit only singularities along
concave edges. Then the authors proposed a lowest order mixed Raviart—-Thomas method on graded
anisotropic meshes made up of triangular right prisms and they proved optimal error estimates by means
of adequate anisotropic interpolation results. In this way, tetrahedra which do not satisfy a uniform
regular vertex property are avoided.

Interestingly, also in [13], and again for cylindrical domains, a mixed Raviart—Thomas method on
the tetrahedral anisotropic graded mesh which is obtained by splitting the prismatic elements into three
tetrahedra. Of course, these kind of meshes contains the bad elements which are avoided with the
prismatic ones. However, in order to obtain optimal approximation error estimates, the price to be paid
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is to require additional regularity on the right hand side, precisely, it has to belong to a weighted Sobolev
space.

In this paper we extend the result of [13] in order to be able to deal with the mixed approximation
of (3) with f € L?(Q) in general polyhedral domains for which the solution may exhibit singularities of
both edge and vertex types. Since such domains cannot be always meshed by means of right prisms and
we also would like to avoid to require more regularity to f as mentioned in the previous paragraph, we
propose a discretization based on hybrid meshes. Similarly to [13] for primatic meshes, with the use of
our proposed hybrid meshes, we obtain the optimal estimate

(5) lu—upllz2) + Ip — prllzz) < Ch| fllL2)-

with up and pp, being the approximations of the solutions u and p of (4). To do that, firstly we introduce
and analyze a new finite/virtual element space Vj, in R with the following conditions:

C.1 Conformity: The space Vj, must be H(div)-conforming.

C.2 Optimal and anisotropic approximation properties: Optimal interpolation error estimates have to
be valid even on families of meshes which do not satisfy the standard shape-regularity condition
[11].

C.3 Domain generality: The space has to be well defined on conforming (without hanging nodes)
polyhedral meshes without restricting the considered domains to few special polyhedra.

As suggested in [10] for the 2d case, we present V}, as a virtual element space on a conforming polyhedral
mesh, which locally coincides with the original lowest order 3d Raviart-Thomas space on tetrahedra and
right prisms, and extends it naturally to pyramidal elements. In particular, normal components of the
discrete functions are constants on the faces of the elements, fitting well across different shape’s elements.
In this way requirement C.1 is verified. An advantage of this presentation is that the definition of the
local spaces is independent of the geometry of the element (see Section 2). Also, in [7] an analogous
space, but of arbitrary order, was introduced to discretize an acoustic flow free vibration problem in a
bounded rigid cavity in R2.

The virtual element method (VEM) has been recently introduced [5] as a generalization of H!-
conforming finite elements to arbitrary element-geometry and as a generalization of Mimetic Finite
Differences to arbitrary degree of accuracy and arbitrary continuity properties. An extension to the
discretization of H (div)-conforming vector fields and mixed finite element approximations has been pro-
posed in [10] in the two dimensional case. Furthermore, in [6] a mixed VEM has been analysed for the
approximation of general linear elliptic problems with variable coefficients. The virtual element space
can contain non piecewise polynomial functions, and mainly, functions which are a priori unknown, in
the sense that they cannot be explicitly evaluated. In the VEM approach, the space and the degrees of
freedom are taken in such a way that the elementary stiffness matrix can be computed without actually
computing these non-polynomial functions, but just using the degrees of freedom. In this respect, a key
point in this approach is that, given an element E, if u = Vg, for a known (quadratic, in this paper)
polynomial ¢o, then for a field v the quantity

/ u-v
E

can be computed if divv and the outer normal component v - n of v are known polynomials (constants
in our case) on E and OF respectively, since

/u-v = /ng-v

E E

—/quivv—i—/ G2V - 1.
E oF
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In order to satisfy condition C.2 and taking into account what we remarked at the beginning of this
Section, we need to avoid the use of a kind of anisotropic tetrahedra. Following [13] we allow for arbitrarily
anisotropic (triangular) right prisms for which optimal anisotropic local interpolation error are proved.
But the use of only right prisms would restrict too much the domains which can be considered, and
because of that we further allow for tetrahedral elements, and pyramids (of parallelogram basis) in order
to glue right prisms and tetrahedra together. Our interpolation error estimates depend on the aspect
ratio of the pyramids (and, for simplicity, also of tetrahedra), and so we are implicitly imposing that this
kind of elements must be uniformly isotropic. However we do not lose generality, since meshes adapted
to general singularities in polyhedra can be constructed, as we show at the end of the article, satisfying
this requirement. Then conditions C.2 and C.3 are also satisfied.

Hybrid meshes including tetrahedral and prismatic (and even hexahedral) elements may be needed to
satisfy the demands of a specific problem geometry (complex regions) or to reach efficient calculations.
If these meshes are to avoid hanging nodes then they will in general contain pyramids, see for instance
[19]. Several authors have introduced and analysed conforming finite elements on pyramids, some of them
are [8] for H'-elements, [14, 18] for H(div)- and H(curl)-elements, the first one for lowest order and
the second one for higher order. In [18] it is proved that it is not possible to construct useful H'-finite
elements on pyramids using only polynomial functions. In the H(div) case, it is explained also in the
same article that all the spaces constructed in the literature contain non—polynomial functions.

For the sake of simplicity , we just consider the simplest problem of the mixed formulation (3) with
f € L?(Q) and Q a polyhedral domain. Its mixed variational formulation can be written as: to find
u €V and p € @ such that

(6) a(u,v) —=b(v,p) = 0 YweV
b(u,q) = (f.q) VgeQ,
with
a(v,w) :/Qv~w, b(v,q) :/quivv
and

V = H(div,Q), Q= L*Q).

Of course, the problem for the div(aV) operator can be similarly treated.

We remark that meshes with more general polyhedral-shaped elements can be considered. Indeed that
is one of the VEM’s main features. But we decided to restrict ourselves to few (but without loss of
generality) shapes since our main objective is to allow for meshes with anisotropic elements, and with
uniformly valid anisotropic estimates. This is fulfilled by allowing right prisms, since the local space
for those elements becomes known (it was introduced in [17]) and that allows to obtain stability and
interpolation error estimates. One difficulty when other shapes are considered (like oblique prisms, for
instance) is that the local VEM space is not preserved by Piola transformation (the vanishing curl
property is not preserved), and so standard rescaling arguments are hard to use.

The outline of the paper is as follows. In Section 2 the discrete spaces for the discrete mixed formulation
are defined. Then, in Section 3, the variational discrete forms are stated. The discrete form, aj, requires
of projections on subspaces of the local discrete fields. Those projections become the identity in case of
tetrahedral or prismatic elements, but for pyramids, they require some analysis which is performed in
Section 4. In Section 5 the interpolation on the virtual element spaces is considered and interpolation
error estimates are proved under different shape assumptions. Also a discrete inf-sup property is proved,
which is used in Section 6 to give an abstract approximation error result. In Section 7, approximation
error estimates on general polyhedral domains when the solution has vertices and edges singularities are
given using specially designed hybrid meshes which are constructed and analyzed in Section 8.
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We use the standard notation for Lebesgue and Sobolev spaces, norms and seminorms for functions
and fields, and H(div,S) (resp. H(curl,S)) denote the spaces of L%(S)? fields with divergence (resp.
curl) in L?(S) (resp. L?(S)3). Fields will be denoted by lower case bold face letters such as u, v, and
x = (21,72, r3) will denote the variable in R®. Given a field v, its components are v;, i = 1,2, 3, that
is v = (v1,v2,v3). The space of polynomials of degree less than or equal k is denoted by Pj. Given a
mesh 7 of a domain 2, Py (7) denotes the space of functions on §2 whose restriction to each element of
T is in P. P§ denotes the L?(S)-projection on Py and PJ denotes the L2(Q) projection on Po(7). We
denote by hp the diameter of the set D C R™, n = 1,2,3. The letters ¢ or C' denote constants which
may depend on parameters which are specified in the text, and they may vary from one place to another.
With a ~ b we mean that a < Cb and b < Ca hold (similarly, we use the symbol <).

We finish this introduction with a brief discussion and some definitions, following [4], about the geo-
metric singularities of the solutions u and p of (6) when the domain €2 is a general polyhedron.

Let S be a corner of €. Let C's be the infinite polyhedral cone that coincides with {2 in a neighborhood
of S. Define Gg = Cs N S?(S), where S?(S) is the unit sphere centered at S. Then, the vertex singular
exponent related to S is given by A, g = —% +1/As1 + i where Ag; > 0,k =1,..., are the eigenvalues,
in increasing order, of the Laplace-Beltrami operator on Gg with Dirichlet boundary conditions. Note
that A, s > 0. We say that the vertex S is singular if A, g < %

Now, let A be an edge of Q. The edge singular exponent related to A is A\c 4 = 7/wa4, with wa being
the angle between the two faces containing A. Note that Ac 4 > % We say that A is singular if Ae 4 < 1.

If a vertex or edge is not singular, we say that it is regular.

It follows that we can decompose the set C of the corners of {2 into two disjoint subsets Cs and C,
containing the singular and regular corners, respectively. A similar decomposition & = £;UE,. is done for
the set £ of edges of .

Assuming a decomposition of @ = UN A, in tetrahedral macroelements having at most a singular
edge and a singular vertex, we have the following regularity result. First we introduce the space V/31,’52 (A)
for a macroelement A as

Vﬂly’;(A) = {U c D/(A) . RB-1+lalgd—1+lal pa, o L2(A),a c N& la] < 1}

where R(x) is the distance of x to the vertices of A, r(x) is the distance from x to the edges of A and

AC)

finally 0(x) is the angular distance 6(x) = R

Theorem 1.1. The solutions u and p of problem (6) satisfy

peHY(Q)
and for each £

u=u, + u;
with u, € H(Q) and

u, & VA, i=1,2,  u,-&eViH(A)

where &, 1 = 1,2,3, are the directions of three concurrent edges of Ay with &3 being the direction of the
singular edge if it exists in Qy, and 5,0 > 0 satisfying B > % — )\S,E) and § > 1 — )\g), v and e being the
singular vertex and edge, respectively, if they exist.

2. THE DISCRETE SPACES

Given a polyhedral triangulation 7; of 2, we introduce the finite element spaces V}, and @} in order
to approximate problem (6).

On one hand, we are interested in allowing for hybrid meshes, that is, meshes containing polyhedral
elements of different shapes. On the other hand, we want to allow for arbitrarily anisotropic elements,
and so, the global shape-regularity property of the mesh [11, Chapter 3] cannot be assumed. In order to
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FIGURE 2. Meshes may contain triangular right prisms, tetrahedra or pyramids with
parallelogram basis.

clarify the exposition, we introduce some of the geometric assumptions on the meshes that we will need
in this and the next Sections. We assume that:

G1 For each h > 0, the mesh 7T, of Q is conforming and made up of tetrahedra, triangular right
prisms and pyramids with parallelogram basis, see Figure 2. Only these kinds of elements are
considered in this paper. We assume that the diameters of the elements are less than h.

G2 The aspect ratios of every tetrahedron and pyramid in 7}, for A > 0, are uniformly bounded by
a constant o, independent of h.

We will add a third condition in Section 6. Recall that the aspect ratio of an element £ is the quotient
h—g between the diameter hg of E and the diameter pg of the largest ball contained in E.
For each element F € T}, we define the local space

Vi(E) = {v € H(div, E) N H(curl, E) : v-n € Po(f) ¥f face of E, divv € Py(E), curlv = o},

with n being the outer normal to F. This definition was suggested in [10, Section 5] in the 2d case. A
similar space, in the 2d case, but for arbitrary order was also used in [7]. Then we define the global space

Vi = {VEH(diV,Q)ZV|E€Vh(E),VE€771}.

We consider the following degrees of freedom
(7) /v~n, ffaceof E, E€T,
f
For use in later Sections we define here the scalar discrete space as
(8) Qn = Po(Th)-
Lemma 2.1. Given a polyhedron E, the degrees of freedom (restricted to E) define a unique v in Vi, (E).

Proof. We need to construct a function v with given degrees of freedom (7). Let g be the function on
OF, constant on each face f of E, such that

/g:/v~n, f face of F,
f f

/d:/ V- n.

E oE

and let d € Py(E) such that
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Then we consider the problem

Ap=d inFE, %:g on OF, /gb:().
On B

This problem has a unique solution since the compatibility condition

Joi= o

is fulfilled. We define v = V¢. Then divv =d € Py, curlv =0 and v-n = g € Py(f) for all f C OF.
So v e Vi (E).

On the other hand, suppose that v € V},(E) has vanishing degrees of freedom. Since curlv = 0 it
follows that v = V¢ for some function ¢ € H(). Now, since divv € Py(E)

0:/ v~n:/divv
OE E

99 _
’ on

which implies ¢ is constant. So v = 0. 0

implies divv = 0. So, ¢ satisfies

Ap=0, inQ 0, onOF

If ve [WHY(E)]? we define the Vj, (E)-interpolation vy € Vj,(E) as the function in Vj(E) such that

/vj'n:/v~n, Vf face of E.
f f

It follows from Lemma 2.1 that actually there exists such a v;. We easily have
(9) divv; = PFdivv, on E,
where P¥ is the L?(E)-projection onto the space of constant functions on E.
Proposition 2.2. If E is a tetrahedron then

Vi(E) ={v = (a+yx1,b+ yxo,c+ yx3) : a,b, ¢,y € R},

with x1, 9, x3 being the variables in a Cartesian system of coordinates. If E is a triangular right prism
then

Vi(E) ={v =(a+~vyx1,b+ yxo,c+ dx3) : a,b,c,d,y € R},

with x1,x2,x3 being the variables in a Cartesian system of coordinates with the x3-axis perpendicular to
the planes containing the triangular basis of E.

Proof. We can check that properties defining V, (F) are satisfied, recalling that the div and curl operators
can be computed in the local variables x1,x2, x3 of the statement. This proves that, in each case, the
proposed spaces are contained in V(E). Furthermore dim V},(F) is 4 in the case of tetrahedra and 5 in
the case of prisms, which coincide with the dimension of the proposed spaces. O

Remark 2.3. The spaces Vi,(E) in the previous Proposition coincide with the H(div) conforming spaces
of lowest order introduced in [17] as a generalization of Raviart-Thomas spaces to tetrahedra and prisms.

Remark 2.4. As a consequence of the previous Proposition, we see that the Raviart-Thomas spaces of
lowest order on tetrahedra and right prisms are independent of the choice of the Cartesian azes, whenever
the x3-axis is perpendicular to the triangular basis in case of prisms. This can be proved directly. For
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instance, in the case of prisms, let x1x2x3 and xixhzh be two Cartesian coordinates systems satisfying
the required properties. Then we have

A Vi
1 = p+ax;— By
xy = g+ fr) +axh
T3 = r+ay

with o2 + B2 = 1. Let v(x1,22,23) = (a + yr1,b + Y22, ¢ + dx3). So,
vz, 2, x3) = [(a +7p) + y(ax] — Bxy), (b0 +vq) + (B} + axh), (c + dr) + dzj) .

Then, the components of v in the new coordinate versors are

v-(a,,0) = (aa+ Bb+y(ap+ Bq)) +yx) = ad' + v
v (=B,a,0) = (=Ba+ab+~y(—Pp+aq)) + vy = b +~}
v-(0,0,1) = (c+dr)+dzy=:c + dxl.

It follows that in the xixbaly system of coordinates, v(x},zh, x5) = (o’ + vz, b + ~vab, d + da¥).

3. THE DISCRETE PROBLEM

In this Section we follow closely the general lines developed in [10]. We consider the decomposition

a(v,w) = Z aE(v,w), b(v,q) = Z bE(V,q).

EeTy EcTh

/ qv - 1n,
OFE

we note that for (v,q) € Vi, x Qn, b(v, q) can be computed using the degrees of freedom (7) applied to v.
Now we introduce for each element E the space

W(E)={v € Vi)(E) : v =Vqa, for some ¢3 € P2(E)}.
If veVy(E),u= Vg € W(E), then

af(u,v) = /u-v:/ng-v
E E
—/quivv—l—/ @2v-n
E OF

which can be computed from the degrees of freedom of v. Now, for v € V}, we introduce the projection
Zve W(E) defined by

Since for all ¢ € @y, we have

b(V7Q)=/S2qdivv: > /Eqdivv: 3

EeTy EeTh

af(v —TEv,w) =0 Yw e W(E).

We note that IIZv can also be computed from the degrees of freedom of v.
Now we define

af(v,w) = aE(Hgv,ng) + hngE((I — Hf)v, (I - l_If)w)7 v,w € Vi (E),

with ST the bilinear form on Vj,(E) x V,(E) associated with the identity matrix in R"” with respect to
the local dual basis of the degrees of freedom (7).

Remark 3.1. If E is a tetrahedron or a right prism, then W (E) coincides with V3, (E). Therefore, in
that case, IZv = v for all v € V;,(E) and hence af (v,w) = a¥(v,w) for all v,w € V}(E).



A MIXED DISCRETIZATION ON ANISOTROPIC HYBRID MESHES 9

Finally we introduce ay : Vi, x Vi, = R by

ap(v,w) = Z af (v, w).

EcTh

In what follows we analyse the second term in af when E is a pyramid. In this case, denote by {v;}
the dual basis of the degrees of freedom (7), that is,

v; € Vi(E), and / v, n=46;,; 1<4i,j<5,
f.

if f;,4=1,...,5, denote the faces of E. Then v € V}(E) can be uniquely written as

5
V= E AiVi,
i=1

ai:/v-n.

2 1 > 2
H|V|”E = hfZaﬂ
B3

|-l z defines a norm on Vj(E), and since it has a finite dimension, we know that for constants cg and
Cg, which depend on E, we have

(10) celvlleze) < IVllg < Cellvlizm, Vv e Va(E).

with

By setting

The purpose of the next Proposition is to prove that C'r and cg can be taken depending only on the
aspect ratio of E.

Proposition 3.2. Let E be a pyramid, and consider the basis {v;,i = 1,...,5} of V4(F), and the
associated discrete norm ||-|| ; introduced above. Then there exist constants Cg and cg depending only
on the aspect ratio of E such that (10) holds true for all v € V.

Proof. First we note that if v € V},(E) is given by

5
vV = E a;V;
i=1

then it satisfies

v=Vo¢
with
(11) Ap = d in F
Z—z = g on OF
6 = 0
E
for
a; >
(12) g|fi :Tz_|a 1<i<5, |E|dzzal
i=1
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Given q € H'(E), we multiply the first equation of (11) by ¢ and integrate on E, integrate by parts on
the left hand side, and use the Neumann boundary conditions to have

/V¢~Vq:—/dq+/ qq.
E E oF

|v||Lz<E>—||v¢||L2<E>—sup{ [E Vo-Vq: qe H'(E), [Valim = 1. /E q—o}

we conclude that

IVIie2ey = Sup{—/ dq+/ 9q : qEHl(E),IV(JIlmE):L/qZO}
E oF E
(13) _ sup{/ g qu1<E),||Vq||Lz<E>=1,/qzo}
oF E

(using, in the last equality, that d is constant on E and ¢ has vanishing integral there). Since d and
g can be written in terms of a;, we have obtained an expression of the norm ||v|/z2(g) in terms of the

Since

coefficients of v in the basis. Now, let E be a reference pyramid, and F : E — E an affine transformation
mapping E onto E (remember that only pyramids with parallelogram basis are considered), which can
be written as
x =F(x)=Bx+c.
Given ¢ € HY(FE) we define § by
q(%) =q(x), VxeE

and we observe that there exists constants ¢y and ¢; depending on the aspect ratio of E such that

Co R C1
(14) P IVl < 19305 < £V 20

and, on the other hand,
/ =0 <— / q=0.
E E

We have
; . q
9=Vl aiey | [ o7t
/8E P Jor " IVl 12 )
with [J(%),, | = |fil/|fi. It follows that
. N q
[vllz2(r) = sup IIVqIILz(m/AgIJIAi- g € H'(E),[|Val 2 =1,/ q=0 ¢,
oFE ||VCI||L2(E) E
and taking (14) into account we obtain
1
ci ol i . - R .
(15) IVliz2my < ﬁsup{/Aglqu: qe H'(E), IVl 2z = 17ﬁ q=0 }
hZ oF B
and
2 e - . .
(16) ||sz<E)z°1sup{/AgJ|q: i€ HY(B), [Vl e = 1. [ =0 }
hi oFE E

We remark that

[asi=[
E oE
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Now, let {¥;} be the dual basis of V,(E) to the degrees of freedom, and let
(17) a; = fil,  i=1,...,5.

and

I

Then, from (10) applied to the element £ we know that

5
1 . .
(18) By < g D00 < OISz
1=1

and using (13) for E instead of E we have

9] 2, = sup { /8 _alli: qe HYE) Vil agey = 1 /E §= o}.

It follows from (18) that
~sup{/84g|J|q: Q€ H'(E), Vil g = 1 /6—0},
B

(1 2¢)

where the constants in this equivalence depend on the aspect ratio of E, and so, since hy ~ 1, this
equation together with (15) and (16) gives

5
1
;TZ ”VH%Q(E)'
7]

i, — o, 7151l :
a; = - = a;, 1=1,...,9,
A il =a

Nl

But, from (12) and (17) and the definition of

and then we obtain
5
1
e Za? ~ ||VH%2(E)
i=1

as we wanted, since the constants in this equivalence depend only on the aspect ratio of F. O
As a consequence of this result and the definition of the bilinear form S¥ we obtain the next Corollary.

Corollary 3.3. If E is a pyramid, we have

(19) cpa®(v,v) < hp'SE(v,v) < Cpa®(v,v) Vv e Vi (E),

where the constants cg and Cg depend only on the shape regularity of E.

Lemma 3.4. For all element E we have
(20) af (u,v) = a”(u,v), VE € Tp, Yue W(E), VveV(E),
(21) cpaf(v,v) < af(v,v) < Cga®(v,v) Vv € Vi (E)

with cg = Cg = 1 when E is a tetrahedron or a right prism, and cg and Cg depend on the shape
regularity of E when E is a pyramid.

Proof. The statement follows easily from Corollary 3.3 and Remark 3.1. g
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Define
Ky ={vrh €V :b(vh,q) =0Vq € Qp}.
We note that
Ky ={vp, eV, :divv, =0} C{veV: :divv=0}:=K.

The next result is immediately obtained.

Proposition 3.5. The discrete bilinear form ay, is coercive on Ky and the coercivity constant depends
only on the shape regularity of the pyramids of the mesh.

Proposition 3.6. The local discrete bilinear form af is continuous in V,(E), that is,
|G;LE(U>V)‘ < C”uHLz(E)”VHL?(E)a Vu,v € Vi (E),

where C' equals 1 when E is a right prism or tetrahedron, and depends only on the aspect ratio of E in
the case of pyramids.

Proof. When E is a prism or tetrahedron, af (u,v) = a”(u,v) for u and v in V,,(E), and the result is
clear from the definition of a. When E is a pyramid, we observe that af is symmetric and coercive
in L?(E) because of (21), and then it defines an inner product. Hence, from Cauchy-Schwarz inequality
and (21) again we have

1 1 1 1
|ay (w,v)] < af (w,w)2a)/ (v, v)# < Cpa®(u,u)2a®(v,v)2 < Cpllullc2(m) |Vl (m)-
The constant C'r depends on the aspect ratio of E. This concludes the proof. O

Finally, we define the discrete problem: To find u, € V}, and pp € Qp, such that
(22) ap(up,v) —b(v,pr) = 0 Vv eV,
b(uha Q) = (fa Q) vq € Qh-

4. THE SPACE W (E)

We know that when E is a tetrahedron or a prism W (E) = Vi, (E). The purpose of this Section is to
characterize W (E) when E is a pyramid. The Section finishes with some computational insights.
We start with the next Lemma that can be easily proved.

Lemma 4.1. Let P be the reference pyramid with vertices at (0,0,0), (1,0,0), (0,1,0), (1,1,0) and
(0,0,1). We denote by f1 the face with vertices at (0,0,0), (0,1,0), (0,0,1), by fa the one with vertices
at (0,0,0), (1,0,0), (0,0,1), by fs the one with vertices at (1,0,0), (1,1,0), (0,0,1), by fs the one with
vertices at (1,1,0), (0,1,0), (0,0,1) and by fs the square basis.

Then if v € P1(P)3 verifies v-mn =0 on fi, fa, fs and f5, then v(x) = (0, cx2,0) with ¢ constant.

Lemma 4.2. Let P be a pyramid. Then dimW(P) < 4.

Proof. We have W (P) C V(P) and dim V(P) = 5. In order to prove that W(P) # V(P) we will show
that there exists no field v = Vg with g2 € P2(P) with vanishing normal component on four faces of P
and being constant different from 0 on the other face.

Let P be the reference pyramid of Lemma 4.1 and use the same notation for the faces. Let F(X) =
Bx + b be an affine map from P onto P and we denote f; = F(f;). Suppose that v = Vg € Po(P) is
such that v-n =0 on fi, f2, f3 and f5, while v-n =1 on f;. Now we consider v obtained via the Piola
trasform from v, that is

! po =F(x
(23) v(x) = EBV(X), x = F(%),
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which is in 731(]5)3. Using properties of the Piola transform [9, pages 12-14] we have for i = 1,2, 3,5,
[0~nq§= v-ng=0 Vo € Pi(fi).
i fi

with ¢ = ¢ o F. Since \7|f1_ -n € Pi(f;), this implies \7|fi -n =0 for : = 1,2,3,5. From the previous
Lemma we obtain that

V(%) = (0, cdia, 0).

Then
v(x) = LB(()?C:%%O)t = Lbziﬁz
|B| | B
where bs is the second column of B. Then, on f; we have
c .
v(x) -n= El’gbg ‘n

and we note that &5 is not constant on fy, it varies from 0 to 1, and bs - n # 0, since by is a transversal
vector to the face f;. Then, v(x) - n is not constant on fs, which contradicts our definition of v. O

Proposition 4.3. Let P be a pyramid. Then W (P) = P3(P) + xPy(P).

Proof. We have P3(P)+xPo(P) € W(P). Since dim (Pg(P) + xPo(P)) = 4 and that from Lemma 4.2,
dim W (P) < 4, we conclude the assertion. O

Given a field v € V;,(E), we can construct I[1Zv as follows. We choose a basis {w;} of W(E), for
example,

{(1,0,0),(0,1,0),(0,0,1), (z,y,2)} = {wi : 1 <i <4}

with w; = V¢;, i = 1,2,3,4. Then a¥ (v, w;) is calculable from v’s degrees of freedom

aE(v,wZ-):/V~ti:—/divvqi+/ vV-ng;.
E E OF

Then if [IEv = 2?21 a;w; we can compute the coeflicients o; by solving the linear system
4
ZajaE(wj,wi) =aP(v,w;), 1=1,2,3,4.
j=1

In order to compute the stabilization part of the discrete bilinear form we need to write HEV as a linear
combination of the basis {v;} of V}(FE) associated with the degrees of freedom, this is (always in the
pyramidal case)

/vj'nzéij, 1SZ,]§5

i

In this case, we have [1Fv = Z?zl Bivi, with
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5. LOCAL INTERPOLATION ERROR ESTIMATES

In this section we obtain estimates for the local interpolation errors ||u — uz|[z2(g). In the case of
prismatic elements, these estimates are anisotropic and valid on arbitrarily narrow prisms. For the other
shapes, the estimates depend on the aspect ratio of the elements (in the case of tetrahedra, this is just
for simplicity, see [1]). For pyramids we cannot follow standard re-scaling arguments as in [1] since the
local discrete spaces are not preserved by the Piola transformation due to the curl-vanishing condition.

We start this Section by analyzing interpolation error estimates in triangular right prisms. As we
mentioned in the Introduction, anisotropic interpolation error estimates for the Raviart—Thomas operator
of lowest order on right prisms were analyzed in [13]. There, the authors deduce interpolation error
estimates for functions in weighted Sobolev spaces which are adequate to deal with elliptic problems in
prismatic domains. Since we need to use that kind of estimates in a slightly more general situation,
involving weights coming also from vertex singularities, and therefore we cannot use directly the results
of [13], and also for the sake of completeness, we deduce here the anisotropic error estimates in the
form that we will use in Section 7. Furthermore, this approach can be easily extended to higher order
interpolations, see [16] for further details.

We denote by P the reference prism with vertices at (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,0,1) and
(0,1,1). Furthermore we denote by f17f2,f3,f4 and fs the faces of P with outer normal equal, re-
spectively, to (—1,0,0), (0,—1,0), (\[ \/5,0), (0,0,—1) and (0,0,1). Given an element E, for a field

v € WH(E)? we recall that v; denotes the V},(E)-interpolation defined in Section 2. We denote by v ;,
1 =1,2,3 the components of vj.

Lemma 5.1. Let i € WH'(P)3 be such that Gz = 0. Then tir3 = 0.

Proof. First we note that @i 3 is a linear polynomial of the variable 3, we denote it by pi(x3). Further-

more, |7 -n = —p1(0) and Q|5 -n = pi(1), and since 43 = 0 we have
/ﬁ~n:0, /ﬁ~n:0.
4 5
Then p1(0) = p1(1) = 0 and so py(x3) = 0. O

Lemma 5.2. If i(x) = (uy (22, 23),0,0) € WHL(P)3 then u;(x) = (a,0,0) with a constant. If 4(x) =
(0, up(z1,23),0) € WHL(P)3 then 7(x) = (0,,0) with b constant.

Proof. Suppose that a(x) = (u1(z2,z3),0 O) € WH1(P). Then we know from Lemma 5.1 that ti(x) =
(p(21), q(22),0) with p(z1) = a +yz1 and ¢(z2) = b+ yx2. From

blfal = — /q—/uI n_/ G.n=0
2 AZ f?

we obtain that b = 0. Also we have

2y =divay = Py(diva) = 0.
Then g(z2) = b+ vyaxe =0 and p(z1) = a + yz1 = a. O
Lemma 5.3. Let i = (0,0, 43) € WH1(P)3. Then @y, =79 = 0.

Proof. We know that Gy = (p(z1),q(z2),r(z3)) with p(x1) = a + yz1 and ¢(x2) = b + yz2, with real
numbers a, b and . But, 4; = 0 and 4y = 0 imply

07/ nf/p:a, and :/f1~n:/p:b7
Al Al A2 A2
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O:/ ﬁ-nz/ U7 -n =7,
3 3

which concludes the proof. (

and then

Lemma 5.4. There exists a constant C' such that for all u € Wl’l(f)) we have

(24) larallisy < C (Il p + Idiv (e, uz, 0)l i p)
(25) lurellisy < C(luzllyp + Idiv (e, uz, 0)l i p))
(26) larsllpy < Cllusllyp)-

Proof. From Lemma 5.3 we have ur; = (u1, u2,0)r 1. From this and Lemma 5.2 we have that for v(x) :=
(u1,ug — us(x1,0,23),0) it holds

uri1 =vri,

so it suffices to estimate ||vy 1]|;1,p5 - But vy is defined by the degrees of freedom
ALy ,

dofi:/v~n, 1=1,...,5.

i
’ /ul
1

=0.

Taking each one of them we have

(27) |d0f1| = ‘/f V1

< C”Ul”Wl,l(p)

(28) dofs| = \— /f v

For dofs, using the Divergence Theorem on P and taking into account that v, vanishes on fg, we have

1
dofs = — (v1 + v2)
V2 /g,
= /divv+/ V1
P fa
= /div(ul,uQ,O)+/ uq,
p 1
and then we obtain
(29) |dofs| < Clluallyyrapy + Idiv (ur, uz, 0)] 11 p)-

Finally we observe that we have
(30) dofy = dofs = 0.

Inequalities (27)—(30) imply estimate (24).
Estimate (25) follows analogously. For (26) we note that if w = (0,0, u3) then

us3 = Wy 3,

while all the degrees of freedom defining w; are bounded by a constant times ||u3||W1’1( py> Which gives
(26). O
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Given a general right prism P, we call v;, 7 = 0, ..., 5 its vertices, vovi vy and v3v,vs being its triangular
bases, so that vgvs, vivy and vovs are parallel segments which are perpendicular to the triangular faces.
We consider a Cartesian system of coordinates with the x3-axis parallel to vovs. Furthermore we define

hpi = |vovi|, Epi = ‘}’f;”, 1 =1,2,3, and denote by ap the maximum angle of the triangle vovivs.

Let P be the reference prism (in the Cartesian system of coordinates considered before). Then there
exists a linear transformation F(X) = BX + b which sends P onto P, with the matrix B having the form

bi1 bz O
(31) B = b21 bgg 0
0 0 b33

To each field v on P we associate the corresponding field v on P defined by (23) using the Piola
Transform. Then it can be seen that

Vi(P) = {v Ve vh(ﬁ)}.

We recall the properties

: 1 A
div (v1(x), v2(x),0) = Edlv (01(%), 02(x),0)
and
vri(x :LB\A/ (%)
1(x) TIREACAA

The next Lemma is in the same spirit of [13, Lemma 3.1], being, in our case, valid for functions in

WLL(P). /

Lemma 5.5. Let P be a right prism. There exists a constant C' depending only on ap such that for all
u in WH(P) we have

3
(32) HuI”Ll(P) S C<||u||L1(p) + Z hi,pHagP’iuHLl(p) + max{hPJ, hpg}“di’v (ul, Uz, O)HLl(P)) .
i=1
Proof. Using the notation introduced above for the vertices of P, suppose that vg is the vertex with
the maximum angle of the triangle vovive. Let P be a prism with vertices at (0,0,0), (hpa,0,0),
(0,hp2,0), (0,0,hp3), (hp1,0,hps) and (0,hpa, hps). Then by standard rescaling arguments using
the Piola Transform we can prove from Lemma (5.4) that there exists a constant C' such that for all
@ € WH1(P) we have

3
sl py < C<ﬁ||L1(P) + Y hpill 0zl 1 p) + max{hp,y, hpo}|div (@17ﬂ2,0)||L1(P)>~

i=1

Let B be the matrix with columns {p1, {p2 and £ps (note B has the form (31) and £p3 = (0,0,1)).
Then the map F(X) = Bx + vg sends P onto P. Then, again by a change of variables, we obtain from
the previous estimate, that for all u € W11 (P) it holds

3
lurlliey < CIB[IB7Y (u||L1(P) + Y heilldep uloe)

i=1

1 .
+max{hp1, hPQ}WHdIV (u1, ug, O)|L1(p)>.

Then the proof concludes by noting that ||B|| < C and ||[B™!| ~ sinap. O
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Remark 5.6. Stability estimates in LP-norm, p > 1, can be proved analogously. In particular, from (32),
using an inverse inequality on the left hand side, and Cauchy-Schwarz inequality on the right hand side,
we obtain under assumptions of Lemma 5.5

3
(33)  lurllzep) < C<||U|L2(P) + ) hipllOep ull2(py + max{hpy, hpa}|div (u17u2,0)||L2(P)>~

i=1
Under the additional assumption hps > max{hp1,hpa} we have

=1

3
(34) urllr2py < <||11||L2(P) + 3 hpill Ol L2 py + hP||diVH||L2(P)> ~

The next interpolation error estimate can be viewed as an extension of [13, Theorem 3.2]: it is valid for
functions in H'(P) but paying the price of requiring that the height has to be longer than the diameter
of the basis of P .

Proposition 5.7. Let P be a right prism, and consider a local system of coordinates xi1xoxs such that
the triangular bases of P are parallel to the x1x2-coordinate plane. Denote by Ep1 and Epo the versors
parallel to the edges of the triangular bases of P adjacent to its maximum angle ap, £ps = (0,0,1) and
hp,; are the lengths of the edges of P parallel to Ep;. We assume that hps > chpy and hps > chps.
Then, there exists a constant C' depending only on ¢ and ap, such that for allu € H'(P) we have

i=1

3
(35) ||u — UIHLZ(ID) <C (Z hpﬂ”@gpyiuHLz(p) + hTHdiVuHLz(p)) .

Proof. Let Qu be the average of u on P. Then we can write
(36) [u—=usllz2py < lu—Qull2py + |Qu —us|[2(p) = [[u— Qu|2(p) + [[(0 — Qu)1]|L2(p)-

We recall the following estimate from [1]

3

[ = Qullze(p) < €D hpilldep ulla(p)-
i=1

This estimate together with (34) gives (35). O

A result similar to the next one, can be found in [7]. Since, the proof in our case is simpler and for
the sake of completeness we include it below.

Proposition 5.8. If E is an isotropic tetrahedron or pyramid, then
(37) Hu1||Lp(E) <C (||u||Lp(E) + hE|u|W1,p(E)) R Yu € Wl’p(E),

with the constant C depending on the aspect ratio of E, and 1 < p if E is a tetrahedron and 1 < p < 2 if
FE is a pyramad.

Proof. When F is a tetrahedron, this result is contained in [1]. So we assume that E is a pyramid. We
note that
5

(38) uI:Z</iu'n>Vi

i=1

where {v;}?_, is the basis of V},(E) dual to the degrees of freedom (7). Denote by f;, j = 1,...,5 the
faces of E. First of all we need to estimate the L?-norm of the basis functions v;. Fixed 1 < i < 5, it



18 ALEXIS B. JAWTUSCHENKO AND ARIEL L. LOMBARDI

follows from the proof of Lemma 2.1 that v; = Vi where 1 is the solution of

Ay = d in
g—ﬁ = g on OF
Jov =0
E
with
Lo ifi=j 1
= TN, J -
9l { 0 itiztj 0 YTTE

Multiplying the first equation defining ¢ by 1, integrating by parts and using that f ¥ =0, we obtain

IVolse = o0 < lolzom ¥lz2e)
By a trace inequality we have, for a constant C' depending on the aspect ratio of
2 3
(39) IVUIIZ2 ey < ChillgllLzom VY2 ()
Taking into account the definition of g we have
lgllL20m) < Chi!

and so from (39) we obtain

_1
(40) IVillL2(g) = IV 225y < Chg?.

Now, for 1 < p < 2 using Holder’s inequality and the expression (38) we have

1_1
lurllerzy < [ElP2|lurll2 ()

5
[un
i

E[7 75y

i=1
By using (40), Holder’s inequality, trace inequalities and taking into account the shape-regularity of F
we obtain

IN

||Vi||L2(E)-

1

11 —1 1
lurllemy < CIE[P 2hy” ([ullpe) + kel Vallwee) OB Vil L2 ()
5(3-4), =4 2(1-3), =3
< Chg hg"hg h® (lallze) + helVul e s)
= C(l[ullzee) + hellVullLrz)
where C' depends on the shape regularity of E. O

Proposition 5.9. Let E be a tetrahedron or a pyramid with aspect ratio o. Then there exists a constant
C depending only on o such that

||11711[||L2(E) SChE\u\Ip(E) VUGHI(E).
Proof. Let Qu be the L?(E)-projection of u onto the constant fields. Then we have

u—u;=(u—Qu)+ (Qu—u);
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and using Proposition 5.8 and a clasical estimate for the L?(E)-projection error we have

lu—urll2py < lJu—Qulr2p) + (0w —Qu)| 2k

< lu—=Qull2p) + C ([lu— Qul2(g) + hel|V(u— Qu)||12(g))
= C(llu—Qull2m) + he|VulL2(x)
< Chel|Vu|2 g
as we wanted to prove. ]

Proposition 5.10. Let E be a pyramid with aspect ratio o and u € HY(E). There exists a field u, €
W(E) such that

[u—ur| 2y < Chplu|p (g

with C' depending only on o.

Proof. We can define u, on E as the L?(E)-projection of u onto the space of constant fields Py(E)* C
W(E). The error estimate follows from Bramble-Hilbert Lemma. 0

Lemma 5.11. There exists a constant 5* > 0 depending only on Q) and the maximum aspect ratio of the
pyramids of Ty, such that for all ¢* € Qy, there exists wj, € V}, such that

divwy, = q*,  BYllwillr2) < g2 o
Proof. Since ¢* € L?(Q2), we know [9, page 6] that there exists w* € [H1(Q)]® such that
divw =g, mQ  BIW o < lall o)
with 8* depending only on €. Take wj = wj, the Vj-interpolant of w*. Then we see that

. . CA+h), .
[Whil2@) < C(L+R) W™ || g1 < TH(I llz2()s

with C' depending on the maximum aspect ratio of the pyramids of 7T, and where we used stability
estimates for RT} in the case of prismatic and tetrahedral (possibly anisotropic) elements and the stability
estimate (37) for VEM on pyramids. On the other hand, since ¢* € Qy,

divwy = POT" divw* = POT’Lq* =q",
where P(;r " is the L?-projection onto @Qj. This concludes the proof. O
Now, we can prove the discrete inf-sup condition. Let ¢* € Q4, and w; € V}, with divw; = ¢* and
B*whllrz0) < lla*[|rz2(o)- Then
* * * 1 *
||Wh||?{(div7g) = HWh||2L2(Q) + g ||2L2(Q) < ((5*)2 + 1) llq ||2L2(Q)

So,
(¢*,divv) (¢*,divwy) 1

sup Z * = Hq*HL2(Q)~
0AVEV), HVHH(divg) HWhHH(div Q) /(,8%)2 +1

Then we proved that there exists a constant C' which depends only on 2 and the maximum aspect
ratio of the pyramids of 7} such that

(41) sup 7((]’ divv)

> Cllgllrz) Vg € Qn.
0AVEV, ||V||H(div,Q)



20 ALEXIS B. JAWTUSCHENKO AND ARIEL L. LOMBARDI

6. THE APPROXIMATION ERROR ESTIMATE

The error analysis for the method proposed here follows as in [10]. In particular we have the next
Theorem.

Theorem 6.1. The discrete problem (22) has a unique solution (un,pr). Moreover, for every approxi-
mation U, of u that is piecewise in W(E), E € Ty, we have
<

lu—uapnll2(0) C(Jla—urllr2@) + [u — urllr2(0))

Ipr = pullrzy < C(Jlu—uplr2@) + [[u—uxlr20)
where C' is a constant independent of h, and p;y = POT’Lp.

Proof. The well posedness of (22) follows from the discrete inf-sup condition (41) and Proposition 3.5.
The rest of the proof follows as the proof of Theorem 5.1 in [10], using the definitions of the discrete
spaces Vj, and Qp, the property (9), the inf-sup condition for b, the coercivity of aj, the continuity of ay,
(Proposition 3.6) and the definitions (6) and (22) of the continuous and the discrete problems. O

If Q is convex and f € L?(Q) we know that the solution p of problem (3) is in H%(Q), and so
u € HY(Q)3. In order to estimate the approximation error in this case, we add to assumptions G1 and
G2 stated in Section 2, a third geometrical condition concerning the shape of prismatic elements:

G3 The triangular bases of all prismatic element in 7; have angles less than a constant a,. < 7, and
heights of these elements are greater than a constant ¢, times their respective diameters (see
assumptions of Proposition 5.7).

In this case, using the interpolation error estimates we proved in Propositions 5.7 and 5.9, the result of
Proposition 5.10, and a standard estimate for L?-projection error, we obtain from Theorem 6.1 that

lu—unlr2 < Chlplu2q)
lp —prlle < Chlplazo)

where the constant C' depends only on o, of G2, and on «a,. and ¢, of G3. Arbitrarily narrow right prisms
can be used in the mesh without affecting this estimate. This fact is further exploited in the next Section
to deal with the case in which the domain €2 is not convex.

7. ERROR ESTIMATES FOR NON—CONVEX DOMAINS

In order to obtain optimal interpolation error estimates for the solution of (6) with f € L?(Q2) and

Q being a non—convex polyhedron we need further specific properties on the meshes in addition to G1

and G2, particularly, meshes will be graded towards the singularities of the domain yielding a family of

graded meshes T;, with h = %, n € N. Along this Section we fix n. Recalling the definitions given at the
end of the Introduction, we assume that 2 is split into macroelements satisfying:

S1 Macroelements are tetrahedra or prisms denoted by Ay, £ = 1,..., M and are fixed when the

process starts. We have = Ué\ilrg and Ay, N Ay, =0 if €1 # L.

We say that a macroelement contains a singular vertex or a singular edge when one of its vertices is a
singular vertex of €2 and when it has an edge on a singular edge of 2, respectively.

S2 Each macroelement contains at most a singular vertex and at most a singular edge, and tetrahe-
dral macroelements with a singular edge have a face orthogonal to that edge. When a tetrahedral
macroelement contains both singular edge and vertex, then the singular vertex is opposite to the
face perpendicular to the singular edge (and then it is an end point of that face).

S3 Prismatic macroelement do not contain singular vertices.
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In Section 8 we give guidelines to construct conforming meshes of {2 in order to obtain optimal approx-
imation error estimates when singularities are present. In particular, each macroelement will be meshed
in a way depending on whether its closure touches singular vertices or edges. In particular we have the
next Theorem whose proof is postponed to Section 8. We denote d(K, S) the distance between K and S.

Theorem 7.1. Let Q be a polyhedron with a splitting into macroelements ) = Ué‘ilAg satisfying condi-
tions S1-S3. Let h = % with n € N. Then, there exists a mesh Tp of Q according to G1-G3, whose total
number N of elements satisfies N < Cn®, and such that the following conditions hold:

(1) If an element K belongs to a macroelement with a singular edge e, then for some 0 < p < e we

have
hE if d(K,e) =0
(42) hir hoxk S hd(K,e)'™ " if0<d(K,e) <1
h if 1 <d(K,e)
(2) If an element K belongs to a macroelement with a singular vertex v, then for some 0 < v < )\U-&-%
we have
hv if d(K,v) =0
(43) h37K < hd(K,’U)l_” if 0 < d(K,’U) <1
h if 1 <d(K,v)

If K contains both singular vertex and edge, it is taken p < v < 1.

We say that the mesh of a macroelement satisfying condition (1) is graded toward the edge e, while
the mesh of a macroelement satisfying (2) is graded toward the vertex v.

Remark 7.2. We remark that if a mesh satisfies conditions (1) and (2) of Theorem 7.1 for p = g
and v = vy, then it satisfies the same for p > po and v > vy. Thus, the mesh can be constructed for
o = vy < min{)\@,)\v + %} and it still verifies (42) and (43). The possibility to use pg = vy for the
construction of the mesh, allows to validate assumption G2.

Remark 7.3. Suppose that a macroelement with a singular edge e and a singular vertex v is meshed in
such a way that (42) and (43) are verified for = po, v = vo, with po = vy < min {A¢, A\, + 1 }. Then
it can be easily checked that there exists e, vy, e and B, such that pe < ve, pte <1 — 0, vy < 1 — By,
0 >1— A and B, > % — Ay and (42) and (43) are satisfied for p = pe and v = v.. Similar remarks
can be done for cases of macroelements with only one kind of singularity. In summary, if necessary, we
can assume that the meshes are refined more strongly than needed, and this is in order to verify condition
G2. Of course, this does not affect the number of elements.

Theorem 7.4. Suppose that the family of meshes Ty, satisfies conditions of Theorem 7.1 and is designed
following Remark 7.3. Then we have the interpolation error estimate

lu—urllr2) < ChllfllL2(0)

Proof. For the part of the proof concerning edge singularities we could refer to [13]. However in order
to simplify the exposition without introducing new notation and avoiding compatibility issues, and with
the aim to make the article selfcontained, we expose here the full proof of this Theorem.

Taking into account the decomposition of u introduced in Theorem 1.1 we have

lu—urllz20) < [ur —urrll2) + Jus — us 7l 22()-

The estimate for the first term
[w, —urllz2) < Chllu|[m ) < Chllfllzz@)

is obtained by following the standard arguments.
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For the singular part we will estimate the interpolation error on each macroelement Ay. Let Ay be
a fixed macroelement. In what follows we will drop the subindex ¢, so A = A;. Suppose that A has a
singular edge e and a singular vertex v. Let £3 be the unitary vector with the direction of the edge e of
A, with v as one of its ends, and let £; and & be the unitary vectors with directions of the edges of A
perpendicular to e, which share with e a vertex other than v (remember that we assume that the singular
edge e of A is perpendicular to a face of it).

Following Remark 7.3 we can assume that conditions (1) and (2) of Theorem 7.1 hold true for g = 1—4§
andv=1-4,withpu<v<l, g> % — Ay and 6 > 1 — A.. For these values of 5 and § we know from
Theorem 1.1 that

u, G EVRIN), i=12 ug-&eViHA).

We will make use also of condition G2 stated in Theorem 7.1.
We observe that for every subdomain w C A and for each field v € L?(w)? we have

(44) IVIiLe@w) < C (V- &llnre) + IV - &llLr@w) + IV - &llLrw)) -
with C a constant depending only on A. For a vectorial function v we set
Vg, ==V - §i~

By summing on the elements K contained in A we have

[us — us,1||%2(A) = Z Jus — us,IHQB(K)
KCA
= Z s —ug rll 72y +
KCA:d(K,v)=0
Z s —ug rll 72y +
d(K,e)=0
KCA:{dEK,3>O
Z [[us — uSJ“QL?(K)
[ d(K,e)>0
KCA'{d(K,5)>O
= L1 +1+ Is.

Let us estimate 5. In this case, the elements K are prisms. We denote hg ; the length of the edge of
K with direction &;. We have

L, = Z [[us _US,I”%%K)
d(K,e)=0
KCA:{dgK,v;w
(45) <2 Y (e + e

d(K,e)=0

KCA:{d(K,U)>O
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Let K be an element considered in the sum I5.Then

IN

2
||u8||2L2(K) ¢ (Z ”RV&HR?VG?HU&E@'H%P(K) + ||RV9RV91US,53||2L2(K)>

i=1

IN

2
¢ (max [R(0)"0x)")* D IR0 use, 72

xeK ‘
i=1

+max [R(x)76(x))” IIR”f’lus,szsz(K))-
Since 0 < # < 1land p <v <1, for all x € K with d(K,e) =0 we have

(46) R(x)"0(x) < R(x)"8(x)" < CR(x)"8(x)" = Cr(x)",
and it follows that

2
sl Zegey < Cmaxr(x)™ (ZR_”W”%@

i=1

Loy T R_V9_1Us,§3|i2(x)> .

Now we remember that if d(K,e) =0 then r(x) < hg 1 ~ hi 2 ~ hi. Then we have

2
||Us||;£2(K) < Ch? (Z ||R7V97#u37§i||%2(1() + ||RV91u87§3||2L2(K)> :

i=1
Now, by summing over all the corresponding elements we obtain

2
Z w25y < CR? Z (Z IR0 us e, 17205 + ||R_V9_1“s,53||2L2(K)>
d(K,e)=0 d(K,e)=0 \i=1
KCA:{dgK,v;>O KCA:{dEK,vgw
(47) < W (s 20 + o302y + lsesl3r2n))

since f=1—v and § =1 — u. Next we estimate

Z ||us,I||%2(K)~

kead 40970
Given a prismatic element K we have
(48) s ey < CLET 2 s rll o ie)-
We use the stability estimate of Lemma 5.5 to have
3
s, sl ys < C | Hlasllor s + Y hyl10g sl o ays + huclldiv (un s, us s, 0) £ )
j=1

Since we are assuming hyx 3 > hg 4, 2 = 1,2, we can write the previous estimate as

3
(49) ||us7]||L1(K)3 S C ||us||L1(K)3 + Zhj||85jus||L1(K)3 + hKHdiV115||L1(K)

j=1

Now, for i = 1,2 we have

IA

[ R0 L2y [ R0 s ¢,
h|K|2||[R™ 0 ug g,

lus.e: | 21 () L2(K)

IN

(50)

L?2(K)>
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and
lusellnrxy < 1ROz IR0 s g, n2cx)
(51) < WK R0 g g 20,

where we used (46) again. Due to property (44), inequalities (50) and (51) allows us to estimate ||u||z1 (k).
Now we estimate

hijl|Og; s, || 21 (1) 1=1,2.

We consider firstly the case j = 1,2. We have

(52) hic jl10¢ s .|l 0y < ChIK |2 | RYV0 " 10g us e, || 22 0)-

In fact we have

(53) hic i 10g,us gl iy < b g | RV H0 | 2oy | RV V01 0g us e, || p2 k) -
Since 0 <1—v <1—p <1, then R(x)*™" > R(x)'#, hence

(54) R(x)"1O(x)" ! < R(x)*1O(x)* 1 = r(x) L

Now, Let Cx be the part of cylinder Cx = {x € Ax N Bk : 7(x) < max{hg 1, hk2}} where Ag is the
dihedral angle of K with edge e and By is the band defined by the planes containing the top and bottom
basis of K. Since K C Cx we have

17122 (x S/

max{hKyl,th}
P22 dx = CKhK,g,/ r2=l gy
Cx 0

= cxhi smax{hf. |, bh ,}* < cichi sh?,
with cx depending on the angle Ak, and so cx < C. Then
(55) hic i Ir" Ml c2 () < Chic glhics|h < ChIK|?.
In view of (55) and (54), from (53) we have
hK,j ||8§jus,§i L1(K) <Ch |K|% ||R1_V91_Ha€jus,€i
which is (52). Now, for j =3 (and i = 1,2) we use that

L2(K)>

1,2
afsuséi = af,;us,is € VB,O (A),

as it is easily checked taking into account that u; = Vp,, with ps being the singular part of the scalar
solution p. Then we have

b 3l|0sus e, || L1 (k) hi 310, 0s g5l L1 (1)

IN

1
hic 3| K2 [|0g, s 6| L2 (i)
1 —v
(56) h| K2 | R' ™ 0g s g, | 216 -

For i = 3, and j = 1,2, using that from 0 <1 —v <1 — pu < 1 it follows R*~! < RF~! < r#~1 together
with (55), we have

IN

hicjll0g el < hacg R e 1R 0 e g, Nl
< Rl e 1R 0w g 22 i)
(57) < ChIK|Z||R' ™0, us g4l 2x0)-

Finally, for i = j = 3 we have

IN

Chl|R'™" ¢, us ¢, |l 11 (x0)
ChIK |2 || R* ™ d¢,us g, |l 12 (s6)-

hi 3]|0e,us g, | 1 ()

A

(58)
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Inserting (50), (51), (52), (56), (57) and (58) into (49), and this into (48), and hx < h, we obtain

(59) s, 1

L2y < Ch(Z IR0 u e, || L2(r) + IR0 s ey |l L2 (k)

i=1,2

+ D IR0 O us e, i)
i=1,2
i=1,2.3

+ Z ||R1_V8§3u8,53HL2(K) +||diVU—s|L2(K)>-

Jj=12,3

By squaring and summing these inequalities over all the prismatic elements along the singular edge we
obtain

(60) Z ||11s,I||%2(K) <Cn? (||Us7£1||%/;,§(A) + ||Us,52|\%/;,§(,\) + ||Us,£s\|‘2/;,§(/\) + Hf||2L2(Q)) .
[ d(K,e)=0 ’ ’ ’
KCA'{d(K,5)>0
where we used that since divus = f — divu, it follows

[divug||p2i0) < [fll2@) + Idivurlzz@) < CllfllLz @)

Therefore, inserting (47) and (60) into (45) we obtain

I, < Ch (Hus,&l ||v;;§(A) + ||u57€2|‘X/'ﬂl”§(A) + [lus,gs ||V;;§(A) + Hf||L2(Q))
(61) < Chllfllzz(o)-
Now we estimate
(62) I3 = Z Jus — us,l||2L2(K)~
Jd(K,e)>0
KCA‘{d(K,v)>o

In this case, the elements K are anisotropic or isotropic prisms, and isotropic tetrahedra and pyramids.
On prisms we have the interpolation error estimate given in Proposition 5.7, which is valid since the
prisms K we are considering satisfy hi g, ho x < Chs g due to the fact ¢ < v. On the other hand, for
pyramids and tetrahedra, we have the error interpolation estimate of Proposition 5.9 which is valid since
these elements are assumed isotropic, that is hy g ~ ha x ~ h3 x when K is a pyramid or tetrahedron.
Summarizing, the interpolation error inequality

3
(63) Ju—ur|p2x) < C <Z hi,re || g, ul| 2 () + hT||divu||Lz(K)> .
i=1

is valid for all the elements elements considered in I3, where we recall that £3 is a direction parallel to
the singular edge and & and & are perpendicular to &3.
Furthermore we observe that for all the elements considered in I3 we have

hd(K,e)' ™" < hr(x)' ", vxeK,i=1,2
hd(K,v)' ™ < hr(x)'™", Vx € K.

hix <
har <
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Now we have, for j = 1,2

3
h?,KHafjuSHQL?(K) = h?,K Z ||6§ju$»&,||2L2(K)
i=1
3
< RO e el oy
i=1
2
< R (Z IR 10110 s e, 72 1) + |Rl“3fjus,ssllia(;<)>
i=1
2
< B (Z IR0 0 v e, 172 50y + ||R1_V8§ju5,§3”%2(K)>
i=1
2
(64) = h2 (Z ||Rﬂ058§jusyfi||i2(K) + ||Rﬁa§jus753||%2(K)> .
i=1
Using again that Og,us ¢, = O¢, U5 ¢,, we have
3
hg,KHa&susH%%K) = h%,K Z Hassus,&”QL?(K)
i=1
3
(65) = h%,K Z 106, us e, ”%2(1()
i=1
3
< h? Z ||R17D85iu$»§3”%/2(K)
i=1
3
(66) < Y R0 us gyl 2 i)
i=1
Finally, we note that
hKHdiVllSHLQ(K) < hg (HdiVUHLz(K) + ||diVLlT||L2(K))
(67) < B (Iflle2cx) + el i)

Now, by inserting (64), (66) and (67) in (63), by summing over the corresponding elements, we obtain
from (62)

IN

I3 Ch (Hus,ﬁl lvazeay + ||Us,£2||v,;;§(/\) Fllusesllvrzay + 12 + ||urHH1(Q))
(68) < Chllfllz2@)
Now we deal with I;. In this case we have to consider only one tetrahedron, which we call T, with an

edge on the singular edge (with direction &3) and with the singular vertex v as one of its vertices on the
singular edge. We start with

(69) lus — s rllz2(r) < [usllzz(r) + [[us rllz2 ()
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Now

2

lugllzery = Y IRO“R™0  ugg,
i=1

L2(T) + HRVGR_VG_IUS{S HLZ(T)

2
< I}{lg%{ﬁ’"@“}z [R™"0 us e, |l 2(r) +?g%{RV0}||R7V971US,£3||L2(T)-

i=1
Since 0(x) < C and p < v < 1 we have

R(x)"0 < CR(x)"6" < CR(x)"0" = Cr(x)",

hence
2
[usl[pzery < Cmax{r(x)"} (Z R0 us ¢ || L2 (1) + |R_”9_1us,£3||L2(T)>
=1
2
< Ch (Z [R™"0" s e, |2 () + ||R"91us,£3||L2(T)>
1=1
< Ch (||us,£1 ||vﬁ{~§(A) + ||us,£2||v,;;§(A) + ||us,£3||v,;;§(A))
(70) < Chllfllz2@)-

For the second term in (69) we have, using Proposition 5.8 and that T is isotropic

lussllzery < CITI™ uggllzi(r)
3
(71) < O[3 |ludllper) + hr D 110 usll ey
j=1
We have
2
[y = Y IRYO"R™0 use, |l + [RVOR™ 0w, |l (1)
=1
2
< D IR IR0 use 2y + IR Ol 2@y |R7V0 a2y
=1
2
v 1 o
< max{R(x)"0(x)"}|T|= S IR0 g, |l o (r) +

=1

v 10 A
max{ RO 000 TR0 g, e

Using (46) we obtain

2
1 = s T’l —re—H Al 1,2 —vg—1 2
sl () max{r(x)" }|T|= (2 B0 s e [l L2y + 1R7707 us g i (T))
2
S Ch|T‘§ (Z HRiygiuus’gi LZ(T) + |RV01115,£3||L2(T)>
i=1
1
(72) < ChT|? (Hus,& ||v51;§(A) + ||Us,£2||v/j;§(/\) + ||Us,£3|\v;;j(/\)>

27
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On the other hand, as we did to prove inequalities (52) and (57), we obtain for j = 1,2 and ¢ = 1,2

(73) hrl|g, s e, | 1 (rc) < CAIK|Z||RY 00 us e, | L2(x0),
and
(74) hr |0, s e || 22 (1) < ChIK|2 | R 0¢,us e, || L2 (x6) -

For direction &3 we have
ha, |0y s g | iy < har | R 2o | R Ogy s o || 22 (1) -
But, by integration on a sphere centered in v of radius Chs r, which contains T', we see that
_ E 1
ha|R* |21y < Chly phip < ChIT|?,

where we strongly used the fact that the tetrahedron T is isotropic (or, what we needed is hg v < hi 7).
This gives

(75) har

1 _y 1
|0, s, |2y < CRIT|> | R Ogus gy | L2y < CRIT| [Jusg, i a)-

Finally, for i =1, 2,

hrl|Ogus ey = hrllOgus el (r)
< hr||0gus g5l ()
(76) < ChIE|> | R 0¢ us g, | 20

where we used (74) in the last line.
Now we insert (72), (74), (75), and (76) into (71) in order to obtain

lusillzzery < b (s vz + lusellviap) + ez ) < Chllfle),
which together with (70) and (69) give us
(77) I < Ch||fll2
Equations (77), (61) and (68) conclude the proof of
lu—urlL2a,) < ChlfllL2@
when A, contains a singular vertex and a singular edge. The proofs for macroelements of other types are
simpler and so we can skip them. O
In order to apply Theorem 6.1 we define u, as
w — us|r if T is a prism or a tetrahedron
™ | Pfu if T is a pyramid
Proposition 7.5. Under the assumptions on the family of meshes T, of Theorem 7.4, we have
lu = urllr2(0) < Ch|fllL2@)

Proof. Let T;! be the set of prisms and tetrahedra of 7y, and 773 be the set of pyramids of 7. Then we
write
lu— u‘fTH%Z(Q) = Z [u— u1||%2(T) + Z lu— POTUH%Q(T) = Ji+ Jo.
TeT,} TeT?
By Theorem 7.4 we have
Ji < flu—upllr2) < ChllflL2(0)-
On the other hand, for each pyramid 7" we have

||u — P()TUHLQ(T) S ChT|u|H1(T),
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with C' depending only on the aspect ratio of T, which is uniformly bounded on 7" and h. Therefore,
following the arguments used to estimate I3 in (68), we obtain

J2 < Ch| fllrz(e
which concludes the proof. O

Proposition 7.6. We have

lp = PJ*pllz20) < Chfllp2cr).
Proof. We note that for all T' € Ty,

lp = Py pllr2¢ry < Cherlplm(r),

and therefore
Ip = Py pllrz) < Chlplim o).
The proof concludes using that ||p||g1) < C||fll2(@)- O

Finally, combining Propositions 7.4, 7.5 and 7.6 with Theorem 6.1 we obtain the next result.
Theorem 7.7. Under the assumptions of Theorem 7.4 on the family of meshes Ty, we have
lu—wanllr20) + Ip = prllr2) < ChllfllL2o)-
8. MESHES

In this Section we show how a family of meshes with the properties required in the previous Sections
can be constructed. We start with the following remark. Suppose that a polyhedral domain €2 contains a
singular edge eg with endpoints A and B, and with es denoting eg with its ends excluded. We consider
a general situation in which  may not be a cylinder. Then macroelements A such that A N €s # () can
be always taken with a face orthogonal to eg. More precisely, by choosing a point P on eog, consider a
plane 7 passing by P and being orthogonal to eg. Then all the mentioned macroelements can be taken
as tetrahedra with a face on 7 and having AP or BP as an edge. This is illustrated in Figure 3 where a
two—dimensional cut of the part of €2, close to es (marked with the thicker line), with a plane passing by
es is shown. Each large triangle in the figure there corresponds to a tetrahedral macroelement.

In light of Remark 7.2, and in order to simplify the exposition, and focus on the design of the meshes,
we will use only one parameter p (= v) for all macroelements with any kind of singularities. Then, let
0 < ¢ < 1 be such that

1
1< Ae, V singular edge e, and uw< 3 + Xy, V singular vertex v.

In this case, meshes may might become more strongly graded than needed, however, it follows from
Remark 7.2 that we do not lose generality. It will be clear from the construction, that meshes with
distinct gradings parameters in different regions of the domain can also be defined.

Macroelements are meshed according the following rules. We describe just tetrahedral macroelements
as prismatic macroelements have a submesh of cartesian product type.

e Macroelements whose closures contain neither singular vertex nor part of a singular edge are
meshed with a uniform tetrahedral grid (see macroelements marked with I in Figure 3).

e Macroelements which do not contain a singular edge, but contain a singular vertex v or an end
v of a singular edge, are meshed with a tetrahedral mesh graded toward v (see macroelements
marked with II in Figure 3).

e Macroelements containing a singular edge e are meshed with a hybrid mesh graded toward e.
These meshes are also graded toward the vertex which is opposite to the face orthogonal to the
singular edge (see macroelements marked with IIT in Figure 3).
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F1GURE 3. 2—d sketch of a possible meshing strategy near a singular edge. The thicker
line represents the singular edge eg.

Figure 3 contains a two—dimensional sketch of a mesh close to a singular edge. In what follows, fixed the
parameter h = %, with n € N, a mesh 7}, containing ~ n? elements is described explicitly on each kind
of macroelement.

8.1. Macroelement graded toward an edge. Let A be a tetrahedral macroelement with vertices
Py, P1, P, and Ps;. This macroelement has an edge, which we suppose to be PyP;, on a singular edge.
And it may happen that one of its vertices is a singular one, in this case, we assume that it is Py. Finally,
it is also assumed that the face Py P Ps is orthogonal to PyP;. The mesh 7, on A contains tetrahedra,
triangular right prisms and pyramids, and it is graded toward the edge PyP; and the vertex P, with
gradding parameter p. In what follows we describe all the elements in terms of the barycentric coordinates
of the vertices corresponding to the four ordered vertices Py, P;, P, and P3 of A. Set

1
v=-
"

Prisms: for 4, j,] € N with
0<li<n—2 and i+j<n—-101-2

consider the prism pop1p2pspsaps where pg, s = 0,.. ., 5 have the barycentric coordinates (the number in

row ps and column P, is the barycentric coordinate of py corresponding to P;)

Py Py Py Py
po | 1-(=4)7 | (%) (5] () L()
p| 1 () | ()T o (T (T ] g (T
po | 1 (=) | ()T - (BT | £ (T [ (e
po |1 (=) ()T ()T [ LT I()™
pa | 1 (2EEL)T | (2Emt)T - (LT [ (ST 2 ()T
ps [ 1 (o) | ()T - ()T L ()T [ B ()T

and for
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Py Py Py Py
=1 =
po| 1-("2)" | (=) -5 | 2 (5 2 (5
n 1— (L_l)’Y (n—l v (11+j+1)’¥ i (i+j+1)’)’—1 j+1 (7+j+1)’Y—1
n n n n n 13 n
p2| ()" | () - () izl(i%l)wzl 4%1(121)7:1
—i_ 1 N} i\ T iNT—
| 1= LT (R = G e T e
pa | 1= (o) T () ()T [ (e T (T
ps | 1- (520 (=) - () 25D (5
Pyramids: for
0<Ii<n-2 and 1<i<n-1-1
consider the pyramid popipapsps with vertices ps with barycentric coordinates
I Py P P
po | 1-(=0) [ () (=) (et [ ()
n 1 — (n=1)? n—1\Y _ (n=1—1\7 | i=1 (n—i—1\7"1 n—l—i (n—1—1\7"1
po | 1— (EL—TIL—E)W ( " ) 0( " ) z (’(Vb—lil )7_1 n—lT—Li—l((nTil—z)"/_l
ps | 1— (njllq)‘* 0 ; (nﬁlfl)’Y_l " (nflﬁl)'Y_l
_ (n=l)? (et nei=i (a1} 7T
p4 1 ( n ) 0 TL( n ) n ( n )

Tetrahedra: for
0<I<n-1 and 1<i<n-1-1

consider the tetrahedron popipeps with vertices ps with barycentric coordinates

P, 12 P Py
_ _ _— ; _— —1 l—i— _— —1
o I G i [ = = Y il = = =
n[1-(=2) NG S
P2 1— (n=t 4 (n=l n=Il—i (n—
HE i oy e ey
p3 n n n n n

We observe that the projection of the mesh on the plane PyP; P; is the standard two dimensional
isotropic mesh graded toward a vertex constructed in [20] (see also [15, Section 8.4]), which shows that
prisms satisfies condition G3. Furthermore, following [4, 2] (see also [20, 15]) one can check that this
mesh satisfies conditions (42) and (43) with v = p.

8.2. Macroelement graded only toward a vertex. We consider again a tetrahedral macroelement
A with vertices Py, Py, P> and P3, assuming that it has to be meshed with grading toward the vertex at
Py. We construct a tetrahedral triangulation of A describing the barycentric coordinates of the vertices
of each tetrahedral element with respect to Py, P;, P> and Ps.

Let p; ;1 be the points with barycentric coordinates

A=1-=X —A2— A3,

i (i+i+k\"" jli+i+E\"" k(i+i+k\""
Al=—| —— y A= | ——— ;o A3=— | ———— ;
n n n n n n

0<i+j+k<n
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Then, the tetrahedra are the ones with vertices

Dij k> Pit1,5,ks Dij+1,ks Dig k+15 0<it+j+k<n-1

Dit1,5,ks Pij+1,k> Dij kot 1s Dit1,5,k+1 0<it+j+k<n—-2

Di,j+1,ks Di,j k+1s Pit1,5,k+1, Di,j+1,k+1s 0<i+j+k<n—2
Dit1,5,ks Dij+1,ks Pit1,+1,ks Dit1,5,k+15 0<i+j+k<n—2
Dij+1,ks Pit1,j+1,ks Pit1,j,k+15 Pi,j+1,k+15 0<i+j+k<n-—2
Dit1,j+1,k> Pit1,j,k+1s Di,j+1,k+1, Pitl,j+1,k+15 0<i+j+k<n-3

Following [4, 2] (see also [20] and [15, Section 8.4]) one can check that this mesh satisfies condition
(43).

8.3. Macroelements with no singular edges or vertices. This kind of tetrahedral macroelements
are meshed with tetrahedral uniform meshes, which can be described as in Subsection 8.2 with the
parameter v = 1.

8.4. Properties of the proposed meshes. Firstly we note that the meshes of the distinct macroele-
ments described above can be merged in such a way that the resulting global mesh is conforming. This
is because the same grading parameters for graded macroelements which share a face can be taken, and
on the other hand, since the restrictions of meshes of neighbouring macroelements to the shared face
coincide if the grading parameters are suitably taken. In particular, we note that if a face of a tetrahedral
macroelement is meshed with rectangles and triangles, this is because an edge of this face (and of the
macroelement) is a part of a singular edge. But in this case, if this face is also a face of another macroele-
ment, then the mesh of this second macroelement can be made such that, when restricted to the common
face, it consists of the same rectangles and triangles, and this is because this second macroelement has
also an edge contained in the same singular edge as the first one.

Proof of Theorem 7.1. Clearly G1 hold. Property G3 and conditions (1) and (2) of the Theorem follow
from the developments of Subsections 8.1 and 8.2. It remains to prove property G2: pyramids and
tetrahedra of the proposed meshes are isotropic, that is, their aspect ratios are uniformly bounded
independently of h. For tetrahedral elements inside macroelements with uniform meshes or meshes
graded toward a vertex, the result follows from [4, Section 3]. Then we deal with pyramids appearing
in a macroelement graded toward an edge and a vertex, and leave the case of tetrahedra, of the same
macroelements, which can be analogously analyzed. Consider a pyramid with vertices pg,...,ps in a
macroelement of vertices Py, Py, P> and P; as in Subsection 8.1. Note that the basis of the pyramid is
the parallelogram pop;psps with

1 /n—1-1\"""
(78) P1—Po=P3 —P2= — <n> (P3 —P2)
n n
A —1—-1\"
(79) p2—Do=p3s—p1= Knn) - <nn> :|(P0_P1)-
So

n—1—1\""" n—1\"""
7() PO—P1|S|p2—p0=|p3—p1§,y<> |Po — Pil,
n n n\ n

1 <1) ! (nll)“ clpipl 1
7\2 “y\ n-l “p2—pol T

Then the parallelogram pgpipspe is shape-regular since the angle between Py — P, and Ps — P> depends
only on the macroelement, and so it is away from 0 and 7.

and
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Now we prove that there exist constants ¢y and ¢; depending only on v and the macroelement’s vertices
such that

|Pa—p2|

(80) €0 = g, po] =1
|pa—ps|

(81) o = [p2—po] sa

After simple computations we obtain

on = (5 () e
e (=
SRS

ey
ey ()] &l

n

NGO

~ Pp3—Dp1

) —1\7—1 —1-1\7~1
Rles - e= ]
—1\7 —1—1\7 - ’
(57 = (== 7
that the angle between P5— Py and P, — P is fixed (and depends only on the macroelement) and equation
(79). This proves (80), and (81) follows analogously. In order to prove that the pyramid is isotropic now
we have to note that the basis popipsps is contained in a plane parallel to the one generated by the

vectors P; — Py and P3 — Py, and the face popsp4 is in a plane which is parallel to the plane Py P, P53, and
the angle between those planes depends only on the macroelement. O

where we used that
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